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The Cofficients of the Normalized Laplacian Polynomial
LIAO Li-wen, CHEN Hai-yan
(School of Science, Jimei University, Xiamen 361021, China)

Abstract: A combinatoric expression for the cofficients of the normalized Laplacian polynomial in terms
of elementary subgraphs of the graph was given. Then based on the expression, a series of relations between
the normalized Laplacian spectrum and the structure of the graph were proved.

Keywords: Normalized Laplacian matrix; elementary subgraph; Normalized Laplacian spectrum

0 5|18

WCRE—Dn ANTE m KR REEE, W G HREHRER D nxn R, IEhA =
(a) e+ Hoilia = {(1) i;fﬁ A,

L =D - AFRNE G 1Y Laplacian %%, XH D = diag(d, ,d,,-,d,) FnE G EX MMM 4
o(M;x) =det(xl = M) = x" +a,x"" +a,x"" + - +a, TR M WFRIELT0 KRR, ¥ M
S35 G AR EEAERE AN Laplacian 4 FERT, RE o, WTLLH G B9—S6FEOEZIm Y 2. R AR, X}
HABFNE G AR, v RAE EIERIA . AR SCF 2% 8 E G 1) Normalized Laplacian fR1iE 22 1t
KRB E B Z5H 2 IR 56 2.

EX 1 WA MDRERE G LB FEEXT AR, WE G 1 Normalized Laplacian % [
EXH: L = (4),, =D?(D-A)D™” =1-D"?AD™"? | Hth D™ = diag(1/./d, ,1/,/d, ,---,

1’ ﬁn%L :j’
1/d) B g = -1/ /dd;, B i AR,
0, 75 ).
[YFEHHE] 2014 - 12 -27 [1&EIHE] 2015 -04 -22

[E€MEB] mas ARREERERMIE (2011J01015)
[MEEREAN] B (1989—), %, BitA, WFHGEIS T s, @EEH. MigH (1970—), &, #
B, W4, NFHHAGER I MG, E-mail:chey6@ sohu. com.

http : //xuebaobangong. jmu. edu. cn/zkb



" 78 FRREM (HRBERRD %21 %

&l G ) Normalized Laplacian HiFEFIE G AL 3 B R MEA BB MK R, EMiF2H
BRe B AMTATAL, 0. 1) ZO2PIEEsi; 2) 002 2 MRIEE, H BB RE(E AL T H X )
[0,2] . HABE ZPERTA 2 WSk [3].

WKl G 1) Normalized Laplacian #¢ 1k Z WX K. x(Gyx) = det(xl — %) = det[ (x = 1) +
D"’AD™?] = (x = 1)" + b, (x = 1)"" +b,(x =1)"7 4 - +b,.

ARICESSGH b, 16 MFEIZBE R, JFAE AR 7535 Normalized Laplacian 3% #1145
MZE P —5CR, N r(6) , s(6) 7lFERE 6 MBS RFE, Bl r(6) =n-c,s(G) =m -
n+c, XH c LRE G RYERE SR

1 Normalized Laplacian I3 2 £}

EX 2 BT SOR—FNE A BRI —FCEEL B 6 g R T R R 5
G IR DU — kAL

SIFE 1Y A RE G RISBIEMRE, WA . det(A) = 21‘(-1>'<f“2*“‘> , Hodp, SRFEGEE G H

Wi — B T Asr(A) ,s(A) 5P RIFR T A 107k 5 A
EIE 1 %A G Normalized Laplacian FRIEZIE A . x (Gix0) = (v =1)" +b,(x = 1)"" +b,(x -
D" b, Wb, = 3 (=1) @2/ [T d, Horlry SRRISZBUEE 6 A & i AT —

B TI Asr(A) s(A) S IR TI A MBS Ak

iERR mATAIRRIFAPERR A : det[ (x — 1)1 + D?AD™? ] BIFRF (v - )" WIRE b, 5T
D AD VA B ETREZ A, D AD A i ETRETD . AL D
BEFRZEL DM B ETRETHAR AT E 2B A8 B EFRETR A
SRR, BAMEI L, Tk 0 = 3 (-2 ] 4,

jeV(A)
HERE 1, AT LIS RIHES 1 AR 2.

#it 1 & G #) Normalized Laplacian FHIEZWzCREGH L. 1) b, =0; 2) b, = - 2 (l/d,d,));
e={u,l €E(G)
3N b, =2 Y (1/ddd,) (Fh A FoR 6 P u,v,w R =ATE).
A={u,v,wi
ERR BN G ERIRE, LA 6 HAEAE—ADTUS B —22E TR, A TS — %k T RS

K G Bl ——XFn,, A TS R —2E RS E G PR = MIE——Xh, Frlld e 1 258 1HIE
#it2 1 2K G Normalized Laplacian FFIF{E 24 HAL Y 0 2K G 1Y SRR

IEBA 1 2 G ) Normalized Laplacian F#FE S HAL Y b, =0, 1Wib, = [A|/ H d, =04 HAY
i1
(A =0, BP0 ZE G MFIEE, 153IE.

2 Normalized Laplacian i& 5 EREHZ BH X R

EE2 K G REMAEYHACSEE G K Normalized Laplacian FRIF{E I F 1 XFFR.

IERR . R G REE, W G P ATFER S AR SR, TLOhE R L, b, =
0 (i ark). By (Gix) AIRIRAL:

(Cix) = (x =1)" + b, (x =1)"> 4+ +b _,(x=1)" +b,, n NHE,

’ (x =D [(x=D"" 4b(x=1)" 4 +b_ 1, n N

FrLAE G i) Normalized Laplacian $RAIE{EC T 1 XFFR.

7ot %5 G B9 Normalized Laplacian £FIEESCT 1 XFFR, Al b, = 0(i MarEL) . KK 6 A

http : //xuebaobangong. jmu. edu. cn/zkb



1 BN, %%, K Normalized Laplacian 232 £ 5 <79 -

EEE, B G R AL R/ NME R k, WIRER 1, FI15 6, #0, T, LA G 2EE.

H A 0 JEAEE— KK Normalized Laplacian $#EE, FTLIE G 2BAE, WHEMH 2, 2 —ERE GCH
Normalized Laplacian £AEH. T IRIER—N @B 2 HRRAY4518, HCR 2 FImAYS 3 2 F15 B 3.

SIEE 20 ik M AT LRGSR, T M RRRAE (R 2 BLAR.

5113 4B =D"AD"” | W (A"), = 0 4HLY (B"), = 0.

EE 3 EEKE G RMEEYEEY 2 & 6 A Normalized Lapiacian FF/F{H.

WERR  DEVPECE. otk (KB =DPAD™? ) WIB =1-%. #0, 2 /350E £ s/ Mk
FROE(E, U1 A -1 g2 B BB/ MR, FTLA B® Wi RAFE(E | B0 A, o3 2 m]

L B ERIL, WA RBIERE P pEp” = [T O], XY SRR BRLAE ¢

AT AT LA ST RPIANR 5 v, RV, [9X) Yie V,,VjeV,, (B, =0. P73 A (4%), =
0, B GHAELENY, BV, KR2 Wik BV, AL TS w,, u,, WMV, HAEH
—mv. Rwy( = u)w w, (= 0) Bu Blo B FREREE, Bk BWL w, ,, eV, BR/AME k>
0, Maw, w,w,, &V, BV, B—5KHE2 BRI &k =0, Wuww, 2V, 8V, H—FKH2 K
WAR, XSAEENY, BV, K2 B erE. Wik v, ey EAHHER. R, v, PR sSmE AR
LB, FTLL G B,

EE4 KK G A m DAY Normalized Lapiacian $FRAEERZEE K, W diam(G) <m -1, H
W diam (G) TR G I HAR.

WERE B diam(G) =m , WHTEs,t € V(G) if5 s, ZBIPEHEE d(s,t) =m. B (A"), =0,
kE<m,(A"),#0. W5I¥3, XfB=D"AD"* , 5 (B"), =0,k <m,(B"),#0. HWHGCAHm
AATE Y Normalized Lapiacian 45AF(E, FFLASERE B A m DA BEFEE, B B 5/ 2302 19 8

Ky m, FATEAER M o, (7% B = 3 o,B' WS, (AT (B™), #0 %1, B" TAE s 17 1 SIRIHARH 0,

i S, c.B e 17 PR 0, FI. WIS diam(6) < m 1.

Kl G hi/NE R AR X ARG, fe/har Bl R KBRS E R K, 328 0g(6) . T
FERE S FERL 6 45 280 b, MEIMZ B . BHRER.

EI S5 & G % Normalized Laplacian FFE 2T N x (Gi0) = (x —=1)" +b,(x = 1)"" +b,(x -
D" 4w b, , ME G R 0g(6) ST b, by by FH—DAEEEE TR,

UERR  AR4EEH 1 7], Normalized Lapiacian FFE Z I RZ %L b, = ; (= 1)Wpmy H d;,

St SRR G A § DU —SOE FH A4 (A) 5(A) SHBIHER T A 0B 5 A Hk
AWHBBE 0g(G) =2k +1, W1 < kB, G P2 + T AR KT, TR, =
04 1=k i, BERF 2% + 1 RS0k T AR AN 26 + 1 AL R by, =2 3 (1
| /]‘[ d) # 0, Bl og(6) %FIFF b, by b THE—DAEZEA T 5.
JeV(Capsn) 0, i =2q +1,
PGB, B 6 RIS g, i< ™ A0 = )5 ) [Ta, @22,
A jevay

FOPA R g SR — g TR
W= g B, R —GOR TR 2 FATAE, — RS i (5 g M)

http : //xuebaobangong. jmu. edu. cn/zkb



- 80 - FRREM (HRBERRD %21 %

b,, i =2q+1,

—?Fﬁllﬂg{(j\jgﬂgl% AH R b EX b, = b - Z(_l)q/ H

Ay jeV(Ay)

4, i=2q, OvTei=l23em
s Ay BT q FMSLIA kTR, WIRE S EEH 6.
EE6 B 6HBERKETFEIb,, by, by PH—NIEEEA T AR
B G AP IEZ TR o (Gyx) = det(al —A) = 2" +ax"™ +a, 8" + - +a,. WA EE
FHa, Mb, ZIRFSEHR, RIS (6], a, = D, (—1)"™W2W | Horpr, SRS JEEGE K 6 H s &
1

P AT —ZE T Asr(A) s(A) S IF0R TE A WBS AT AEI 1P b, 195X E T4,
BB, a, Rl b, ZEDERAEAENI 6 R, (AT HFIASBR B, 30 L R
D) #HGRAd-EWE, Wb, = a/d,; 2) # GRNEASE (n,,n,,d,,dy) KFENBIE,
il

b ai:O, i=2q+1,
Vo la/didy), i=2g

HE 1) F2) Al An, o — A TE ) P e 10 DU i P g e ik Z2 32K 0, 00 ] LAAS 3B A9 Normalized

[n/2]
Lapiacian $#E £ iz, W ¢, Mg M@EA K, | M EZHR 5N o(C5x) =-2+ X, (- 1)*
k=0

ny,ny

[n/2]

n (n ]: ij"_“/(n -k); o(K, ,5x) =" - nyn, " L, x(Csx) = -2 + z (- 1/4)*
k=0
n - k n-2k _ ny+ny ny+ny-2
o (x ="/ (n = k) 5x(K,, ,3%) = (x = 1" = (x - 1) :

[ & % X #f ]

[1] SACHS H. Beziehungen zwischen den in einem Graphen enthaltenen Kreisen and seinem charakteristischen polynome.
Publ Math Debrecen, 1964, 11. 119-134.

[2] KEI’'MANS A K, CHALNOKOV V M. A certain polynomial of a graph with the extremal number of trees. J Combin Theo-
ry Ser B, 1974, 16:. 197-214. DOI:10. 1016/0095-8956 ( 74 )90065-3.

[3] CHUNG F R K. Spectral graph theory. Providence, Khode Island; America Mathematical Society, 1997 186-199.

[4] HARARY F. The determinant of the adjacency matrix of a graph. SIAM Review, 1962, 4. 201-210. DOI.10. 1137/
1004057.

[5] GANTMACHER F R. The theory of matrices. New York; Chelsea, 1959 86-93.

[6] CVETKOVIC D, ROWLINSON P, SIMIC S. An introduction to the theory of graph spectra. London: London Mathemati-
cal Society, 2010. 52-58.

(REHE DEf XIHER HiRE)

http : //xuebaobangong. jmu. edu. cn/zkb



