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A Stochastic Predator-Prey Model with Nonlinear Prey Harvesting
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Abstract: In this paper, the dynamics of a stochastic predator-prey system with nonlinear prey harvesting
were investigated. First of all, the system admits a unique global positive solution starting from the positive ini-
tial value were established, and it was shown that the positive solution to the stochastic system was stochastical-
ly bounded. Moreover, sufficient conditions for stochastically permanence and extinction were obtained. Second-
ly, it was proved that there exists a unique stationary distribution and it has ergodicity by constructing a suitable
Lyapunov function. Finally, numerical simulations were carried out to substantiate the analytical results.
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TEMHx AR, MEEGKAIRZ BRSO (1) B b,y/x BN byy/(ky +x) , Hip
by HIHEE vy MBI AN,

FELGE AT I, Pl B s A A ISR SR o — N B R AT A S R R X
RSN 127 S TR EE AR, BRI, WOk R BTl R Tl - IR Y 3 ) 2 A7y h iR 3
TOCHEMIENT . SCHR [4] F5H, FRZeMOR HoR BB AN e GIOR S T SR . A, FEBLSEAE S
e, BMIEXWHREETIEE RN AL | TEATER, EBRGE TSRS ZRIARIE X
FUAS R R ARG TR RS20, ARk, B A SCRRECT T 0T 58 BEALA:= Wy R RE 5 BE B Je st
TS 12 BT, DAY TR PR RUR Y AR SR R R TR AR, R B Ak
Wil , LT E-EH RS .

{dx(t) =ax(t)[r, —ax(t) —by(t) —f/(1 +wx(t))]dt + o,x(2)dB, (1),
dy(1) = y(t)[ry = byy(1)/(hy +2(1)) Jdt + a,y(2)dB, (1),
Forry fe(e) /(1 +wx(e) ) SRARLRMEWGR REL, fRRIGRARE, w2— P EEMIERE; ol (i = 1,2) &
IRFAMERSREE . B, (1) , B,(t) SEHANMS IARAE m GEA i3, & XA AIET 7 B R e &
fF (B 7 A TSRS, B .74 A& aENE) efaiRasn (2,717 2,,P) L.

(2)

1 T iR
Yt — S EAGE S BIBRGER, R, SHPITIES: R, = {(a,,0,,,0,) € Rl g, >0,

L=1.2,.nf,|X()| = /fo o
i=1

W B(t) = (B (t),,B, (1)) JE& XAE FIRMERAS ] b om EbnifERiEs), 0<t, <T < o,
X, & 7 T RY EMRENLAE &, HE[X)] < » o B/:R x [1,,T] >R Fl g:R" x [¢,,T] —R™"
#BJ2 Borel PN &%, WHIME N X (1) = X, B d HEREHLIT T L

dX(t) = f(X(t),t)dt + g(X(2),0)dB(e), t, <t < T, (3)

FEE 100 (fEfEME—PEET)  EEREARY x [1,,T] — Rl g: R x [1,,7] — R™™ %F
(X,t) e R x [1,,T] 7l HET X it )£ JAHB Lipschitz S5 AL MRS K &0 BIfFfEc, > 0(k =1,
2,) , RS VXY e R H X[V |Y[< EWEAERX: [f(X,0) -fY,0) |V |g(X,t) —g(Y,0)|<
ck|X - ¥|o FIRFFE ¢ >0, R [A(X,0) |V |g(X,0) [<c(l+ |x]|), WEEHLEDITEE (3) FFAEME
—ELERRRE X (1) (1 e [4,,T)) o HXHAp>0, ﬁE[mssggT\Xu;xo) "] < e,

EE2 (o AX) WX)(=0) BHE (3) W, Ve (R x R;R), M
V(X(t),t) 5 )2 To i 72, EA RIS dV(X(e),0) = (V.(X(1),t) + Vo (X(1),0)f(t) +
0. 5trace[ g" (1) Vi (X(1),0)g(t) 1) de + VX(X(t) ,t)g(t)dB(t) ,a.s. , FRILR N Tie A3,

EE3 (FEHU O TR ER) a0 (o= 1,2) S BIRBENL O TR da, (1) =
i, (), 0)de +g(x,(£) ,0)dB(t) W, Hod f(x,1) e C([0, +0 ) xR) ,g(x,1) € C([0, +o ) xR),
B 1) AR XA [0, ) BV p(0) = 0 % [ Tp(o)ds = @ BUBECp(s) , (7
lg(x,t) —g(y, ) [<p(|lx=-y]),x,y e Rit =0;2) fi(x,1) S fo(x,0),x e Rt =035 3)x(0) <
%, (0) , WMRHER 1 A 2, (1) < x,(1),0 =0,

EX P W X(e) = (x(0),y(0)) EHFE (1) WEWIEX0) = (x(0),y(0)) e R Mfift, #
Ve e (0,1), 38 =8(e) >0, i3 lim P |X(s) | >0} <& ar, WFFX(0) EHHL—ZH .

EX 2P WX (1) = (x(2),y(2)) BHE (1) WLEWIME (x(0),y(0)) e R’ HIfit, # Ve e
(0,1), 36 =8(e) >0Fy =y(e) >0, Tﬁﬁ%’n}iTP% X(1) |=8) =1 _gﬂ}i{?m X(t) | syl =
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1 — & M5, TR X () ZREPLFFAR
EX 3P fa() BRGE (1) WEEmM, M. 1) # limx(e) =0, JUBKRAEE ~(0) KA

2) #liminf ™ [ a(5)ds > 0, WERHE x(0) H PRS2 RG
1 TR 7
dX(t) = X(t)[r, —a,X(2)]dt + aX(2)dB(1), (4)
Holt a0 ARIEREC B() RARERTNES.
S X(0) TR (4) KU, JFEIEAIIREX(0) >0, Xr >0.507 , W lim:™In X(1) =

0,a.s. lirorclflJ[X(s)ds = (r, -0.50%)/a,,a.s.
lxX(t) S E (1 EWILRAFZS ) P E)—> Markov FAERE, W2 THIBENLED D7 fE dX (1) =

bumh+zg@mw<wgnvﬁﬁmﬁAu>-a@)a<m Zgumgu>

Yﬁﬁlﬂﬂﬁxu (A) FFERAEMNBR AR UCE,, E—ﬁtzn?@ﬁ: (A1) £ U FIEMW
— ORI, VEUEME A(X) WE/MHIEERIEFRN; (A2) XM X ek \ UR, WX HRRHERRE
G U RFmsE - AR, BXNENETEKCE A sup Ey7 < o

SIEE 2 R (A) oL, W Markov i3 X (¢) FEAE VR w(+) o A () ST IE
Mmﬁm@ﬁ,wawr%mmzduhmrjkxunmzfﬂmem%=1xeao

K TEAE (Al) 8o, HEUEM L7 U b —3is gy, /\'43 LV = b(X)V, +0.5tA(X)V,, ,
RIIERAAAE RS M, W _2 a;(X)EE =M|g]P X e Uyb e R,

N THAE (A2) ﬁii, HEGEIFEAE TN € - B AR U, X TR X e E\ U,
LV(X) Z,

2 EFEHR
B4 MEBHERPEXO) = (2(0),y(0)) e R+, RE (2) FFAEME—# X (1) = (x(1),
y(1)) e R, ﬁﬂbjﬁ%}ilﬁf? R’ 1,
HERA 2 u(t) =Inx(t) ,v(t) =1Iny(r) . H o Al7S
du(t) = [r, —a,e"” = be"” —f/(1 +we"”) -0.50° |dt + o,dB, (1), (5)
dv(t) = [r, = b,e""/(k, + ") =0.50% |dt + o,dB, (1),
B, RG (5) Wi Lipschitz &1, W RGEAFAEME— AR (u(e) ,0(0)) (1 € [0,7,)) o H
oz, SRERBERTTEL, B (x(e) ,y(0)) = (e, e) ERGE (2) WEWIE (x(0),y(0)) e R} HyHE—
fitt, N TIUEHX MRS, RFIEH 7, = + o
Ak >0 RIEK, 13 (x(2) ,9(1)) € [Vhky,ky] x [V/ky,ky] , MTFALREMER b=k, &L—
AMERFS) 7, = infit e [0,7,) :x(2) & (1/k,k) By(t) ¢ (1/k,k) | , &L inf @ = +o0 (PIRE—
M) o B, Mhow i, 7 RRIEENN, Hro<r, WA 7, = limr, K7, <7,
I, RTET r, = as. o B, 2w WEERECTS0, cc (0, 1) A AR L =
ko,ﬁP {1, <T} =e, Vk=k, .
EXL—C* - mE V. Rz,r—>R+ NMx,y) =x-lnx+y —-Iny + (k, +x)y, H 1o /L}iﬁﬁfﬁ%,
LV =x(r, —ax = by —f/(1 +wx)) = (r, —a,x =byy —f/(1 +wx) =0.507) +y(r, —b,y/(k, +x)) —
(ry =byy/(ky, +x) =0.505) + (ky, + x)y(r, = byy/(ky, +x)) + xy(r, —ax = by —f/(1 +wx)) <
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—a,x" by —ax’y + (r, +r)xy + (r, +a)x+ (ry +kyr, +b, +b,/k,)y +f+0.5(0 +03),
HELL, WF -ax’ —by —ax’y + (r, +1)xy, Za=(r, +1,)/a, , W EX/NFEFE, A
HLER, BHax < (rp+r)/a,, W —ax® =by —ax’y + (ry +r)xy <-byy" + ((r, +1,)*/a,)y IR
AR BUUBRHEAERE N, € R, (i1
LV<N, (6)
NHETAIER S SCER [21] BIARL, A
EHS MTEEAEMVHEXO0) = (x(0),y(0)) e R, RGE (1) M X(1) = (x(1),y(1))
JEFEPL—ECA
W EX—1C - V.RE—R, ,V=x+y + (k +x)y . H11oAXAE, LV = 24° (7,
ax —by —f/(1 +wx) +0.507) +2y°(r, = byy/(k, +x) +0.505) +2(ky +x)y*(r, = byy/(k, +x)

0.505) +xy°(r, —ax by —f/(1 +wx)) <-2a,5° =2byy’ —a,x’y" + (2r, +07)x" +2r,y" + 03y’

+

+

2r,(ky + %)y + rxy’ + kyooy' + ooxy’

EXW =€V, X WHHII AXAE, LW = ' (V+LV) <e (&’ +9y + (k, +x)y" - 2a,x -
2b,y’ —a, 5y’ + (2r, + 0 )x" +2r,y" + aay +2r,(k, +x)y + 1wy + kooy +ouxy’) , SAERX (6)
HIIEIAZEL, FEAE N, >0 05 LW < N,e', Bl dW = &' (LV dit + (205> + o,xy*)dB, (1) + (20, (k, +x)y* +
o,y )dB, (1) + Vi), ExXMumM 0 B ¢ B, IFIBMERTR E(W(t)) < W(0) + N,(e' - 1), R
E(x> +y" + (ky +2)y?) S W(0)e™ +N,(1 —e™) <+ , HIE |X|<SE|X|> <+ o , &aNH
Chebyshev N FRRERF RN 251, FTLIAHE,

EEO6 WX() = (x(1),y(1)) ZRE (2) B, IFHWREVIR R X(0) = (2(0),y(0))
min{r, —f,r,} —=0.5(8 + 1)max{o;,o;} >0, HH0<0<2, Ul']ﬁlirgosoupE(l/\X(t) |) <+ |

R XL C - V:RE—>R, ,V =x+y, B AKX, dV = [x(r, —ax = by - f/(1 +
wx)) +y(r, —byy/(ky +x))]dt + o, xdB, (t) +0,ydB, (1) . K U=1/V , KA, dU = - U[x(r, -
ax =by —f/(1 +wx)) +y(r, =byy/(ky, +x))] + U (a1x” + a3y’ )dt = U [ oxdB, (1) + o,ydB, (1) ]
LUdt — U*[o,xdB, (1) + o,ydB, ()], Ho, LU = - UP[x(r, —ayx = by —f/(1 +wx)) +y(r, = byy/
(b +2))] + U (03 + 02%).

S W=>1+U)", [FHFAE AW = LWdt —0(1 + U)"'U*(o,xdB, (1) + o,ydB, (1)) , HHLw =
01 +U)" (- (1 + ) U[x(r, —ayx =byy —f/(1 +wx)) +y(r, =b,y/(k, +x)) ] + U (oix” + 03y") +
U(oix® +05y") +0.5(0 - DU (on” +03y")) <01 + )7 ((1 + DU [ —minir, —f,r,} (x +y) +
max {a, ,b,/k,} (x> +9°) +0.5b, (x> +y*)] + max{o;,05}U +0.5(0 + 1)max{o; o3| U*) < 0(1 +
U)7 (- (min{r, = f,r,} =0.5(0 + 1)max{o;,0;})U> = (min{r, —f,r,} —max{a,,b,/k,| —0.5b, +
max{o;,05} YU + max{a,,b,/k, +0.5b,}),

T min{r, —f,r,] —0.5(0 + 1)max{o;,o5} >0, AfLIFREI—DHE L >0, fifF0 < k <
O(min{r, —f,r,} =0.5(0 + Dmax{o;,00}) » MIEFEX Z = "W, it o AXA18, LZ = " (kW +
LW) =e"(k(1+U)" +LW) <01 +U)" " (E(1 +2U+ U*)/0 = (min{r, —f,r,} =0.5(8+1)max{o;,
oYU = (min{r, - f,r,} - max{a,,b,/k,} —0.5b, + max{o;,o;})U + max{a,,b,/k, +0.5b,}),
kA0 BIE AT, AEAE— BN, >0, i3 Lz < Ne" , S5EMS5 BUEZEML, a5 E[ (1 +0)°]
AR, Ak H RN, B lir?ﬂsoup E(U) = lir?ﬂsoup E(1 +U) <N, , HTF (v +y)’ <
2(x° +y2)0'50 , BrLh liTHiupE(l/‘X‘e) <+,

EE7 ARG (2) W min{r, —f,r,} —0.5(0 + 1)max{o],o5} >0, HF0<0<2, MR
g (2) RFEHLEFAR,
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LEGEMS . M 6 J Chebyshev A%, W LIMSRIZE S,

EEE BWX(1) = (x(1),y(1)) ARG (2) WRWIRFMx(0) >0, 5(0) >0 WIEEM, 1)
Mr=a,/(4w) ,r, <2 . Jaf/w —a,/w+0.50 BE f < a,/(4w) ,r, <0.50° W}, r, >0.505 , WF
BE x SR RKAEHY, FIE y SRV 8 A A; 1) #r <0.505 , 1, > f+0.507 , WIRREEy J2 K480,
FhEE x PR A, i) M= a,/(4w) ,r, <2 . Jaf/w —a,/w +0.50, & [ < a,/(4w) ,
r, <0.502 W, r, <0.50, , WRPEE x FIRREE 5 24K 46

WA i) XFInx WA e A4, dInx = (r, —ax = by —f/(1 +wx) =0.507)dt + o,dB, (1) <
(r, —a,x —f/(1 +wx) =0.507)dt + o,dB, (1) < (r, — a;/w(1 +wx) +a,/w - f/(1 +wx) —0.507) +
o,dB, (1),

M f=a,/(4w) B, dlnx < (r, =2 Jaf/w +a,/w-0.50})dt + o, dB, (t) , Pi[REIAM O 2] FH
SPIFRRLA ¢ FRHOER ,  ph o REOE AT 45 ,ILT t"'Inx(t) < (r, =2 Jaf/w +a,/w-0.507) <0, B
limx(t) =0,a.s. o M f <a,/(4w) B, dInx < (r, =0.507)dt + o,dB, () , PIH[ERI O F]  F14

1—®

FEBRLL ¢ TR, hss RBCGE S lime ' In 2 (1) < (r, -0.507) <0,a.s. , Bllimx(z) =0,a.s.,
BIXTFAEE M £ >0, fF1EL, MO, B>, Moe,, #A P(D,) =1 - Ma/(k, +x) < & M7,
XHH dy = y(ry = byy/(ky +x))dt + o,ydB, = y(r, = b,y/k, + byxy/((k, + x)k,) )dt + o,ydB, I

y(ry, = byy/ky)dt + o,ydB, < dy < y(r, = byy(1 — &)/k,))dt + o,ydB, . XA~ r, > 0.50; , W5
2 FFENU G R L BE R, WA lim inftilf y(s)ds = k,(r, =0.503)/b, ,a.s. ,lim suptilf y(s)ds <
1o 0 = 0

ky(r, —0.502)/((1 = &)b,) a.s. , BT & TR, JrllJﬁllirgt’lf;y(s)ds =k (r, —0.502) /b, >0,
a.s. , OREMRTE 1) BOLAENL T, FEE « RKAa, FRE y BV IRRSER 1

i) XFIny WH w6 AR, dlny = (r, —b,y/(k, +x) =0.505)dt + 0,dB, (1) < (r, —0.50%)dt +
o,dB, (t) , PRI N 0 B ¢ BUARIFBR LA ¢ FEHCHRFR,  Fl 5l R B0E JE ] 15 lim t"'In y(t) < (r, -
0.505) <0,a.s. , Eﬂllirgy(t) =0,a.s. , KM, NFEEN >0, HFET, MO, B>, loe
O, #EPD) =1 -efMby<e, TUAx(r, —ax —f/(1 +wx) —eg)dt +o,xdB, (1) < dx < x(r,
ax —f/(1 +wx))dt + oxdB, (1) o

HT e FWAEREMETA dv = x(r, — ax - f/(1 + wx))dt + oxdB, (t) = x(r, — ayx - f)dt +

o,xdB, (1), H¥r, —f>0.50, , W55 2 FIBEL S 52 e BT 15 li{rlinft_lftx(s)ds = (r, -

f=0.507)/a, >0,a.s. o L, Mr, <0.505 ,r, > f+0.50° B, Ry BRLal), » 2 FH458eE
R
i) i) i) RIHEESEE lima() =0, limy(s) =0,a.s. . HFERED) ML
BUT, FRRE « F1y ARIE KA
EEO WAL (2) WL (r, =H/b, > rky,/by,a, > fw,
b M./ (4r,(a, — fw) + My(x" +k,)) < min{r,/b,(a, - fw)[x* +
byM,/(2r,(a, _fw)>12,bz(y*)2} (7)
HorM, = 0.505y" + by o1/(bky) o WX TAERERIEWIGE, RE (2) HFEME—N TR
(=), T E & Y,
IR HeHE T oo R
{rl —ax —-by-f/(1 +wx) =0,
r, = by/(k, +x) =0,

(8)
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e EAR B RARFE AT ROAR DI o’ +bx+c =0, Ha =-(a +b,r,/b)w, b =
- (a, +b,ry/by + (r;, = bryky/by)w) , ¢ =71, —f=brk,/b,,

HEF a<0, ¢>0 FHRBAKXE, »* = (-b - M)/Ma) BE " = (-0 +
b —dac)/(4a) < 0(EE) .,

IR (ry = )/by > roky/b, , TTRRE (8) APAEME—MIIEME, AW (27 ,9") o

'/‘:ES( Cz—@iﬁlV(x,y):RiHK : V(x,y) = bzy*/blfx_u/(x* +k2) _1/(x+k2))/xdx +f).(y_

YOy = VeV, J V= by /b [ (1T k) =1/ (e k) ) ad Vs = [ (y =y ) /vy

H 1o AR AR, LV, = by /b, [ (1/ (2" + k) = 1/(x + k) (1, —ayx = by = f/(1 +wx)) +
o (1/(x +ky) =1/(x" +ky) +a/(x+k,)?) 2] < by /b,[ (1/(x" + k) =1/(x +k))(r, —a,x -
by —f/(1 +wx)) +01/ky] <byy /b —a,(x =x")/((ky +x)(ky +x7)) +b,(y" —y) +fw(x -
x )/ (1 +wx) (1 +wx™)) +07/ky] = by /b {[—a(x —x") =b,(y =y )(x —x") + fw(x -
2 ) YL (Chy +x) (By +2)) +01/ky ]} = (=ry/bi(a; —fuw) (x =x" )" =ry(y =y ) (x =x"))/(k, +
x) + by ar/(bk,) .

FUHATAF, LY, = (y =y ") (ry = byy/(ky +x)) +0.505y" ==b,(y" —y)/(ky +x) +1,(y -
y ) (x =x")/(ky +x) +0.505y" cHMA LV = LV, + LV, <-1r,/b,(a, - fw)(x —x")*/(k, +x) -
by(y" =y)/(ky +x) + M, , Bl (k, +x)LV = =r,/b,(a, —fw) (x —=x*)> =b,(y" =y)> + M, (k, +x)
-r,/b,(a, = fw)[x —x" =bM,/(2r,(a, — fw))]> =b,(y" —y)* + bM5/(4r,(a, — fw)) + M,(x"
k) =r/b(afw)[x —x" = bM,/(2r,(a, —fw)) > =b,(y" —y)* +8, H s = b,My/(4r,(a, - fw))
My(x" +ky) o EHAARERX (7) AR (7)) > Mybky/ (ry(ay = fw)),(y")* > 8/b,

THEIEAMIRE - r,/b, (a, —fw)[x —x" =bM,/(2r,(a, —fw))]> =b,(y" —y)> +8 = 0 EETER’,
EEATIN

AL e® = b,8/(ry(a, = fuw)) , d* =6/b, o, LIRWFBER [« —x - b,M,/(2r,(a, - fuw)) /e’ +
(y" =¥/d =1, BTG (7 +6,My/(2r,(a, —fw)),y") e R, IFH [x" +b,M,/(2r,(a, -
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Fig.1 The solutions of stochastic system (2) and its corresponding deterministic system(o,=0,=0.02,/=0.1)
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Fig.5 The solutions of stochastic system (2) and its corresponding deterministic system(o=1.8,0,=0.2,/=0.1)
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