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Abstract: In this paper, a stochastic SIQR epidemic model with saturation incidence rate and nonlinear
recovery rate was studied. It was firstly proved that there exists a unique global positive solution for any given
initial value. Then, the basic reproduction number R; was obtained, and it was shown that this basic reproduc-
tion number is the threshold parameter that determines the extinction and persistence of the disease: when Ry <
1, the disease is extinct with probability 1; when Ry >1, the Markov process is positive recurrence which indi-
cates that the disease will prevail.
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WKIE A 1RGSR R b 2B PBEIR, ASORAESCIRE S, 11 JOF5E R AR |, $2iH SIQR BB
dS = (A - BSI/N - uS)dt,
dl = (BSI/N - (y(b,I) +6 +u + o)) dt,
dQ = (8l - (e +pn + @,) Q) de,
dR = (y(b,)I + &Q — uR)dt,
Hr: SO Q. ROBIEGEE | WReid . WEHWEG; N=S+1+0Q+RIESADONEGE; A ZHM
DyIBE WA B RPIRIEREE AR, w2 AT R, 6 BB, o Ml a, 73S Yeie 4 FIFE 2
HIPIRIET R o RFREH FIRE R,

AN, K SEge FRA TR 2= B 3R ], R a5 BTGk . B ) 5 A s ORI | R R SR U A
SR I, FE AT I AR L R R B A A% T RS T SR 2y 32 B 2R BT B AL U Bh Y B
MO AR SCIRRAR AL (1) M BR AL HE % B Z B IR 1 T4, B Bde—Bde + odB (1) , RIGHFE]
R Sy

(1)

dS = (A - BSI/N —uS)di — oSI/NdB,
dl = (BSI/N = (y(b,I) +6 +p +a,)I)dt + 0SI/NdB,
dQ = (6l - (¢ +p +@,) Q) de,
dR = (y(b,DI + Q — uR)dz,
Hr: o REMESE R SRE; B & —4EbrER iz,

(2)

1 FEZERKIEHA
L (0Q,F,P) —WHUET [F, | oo - EWE R FME (A {F,| o, BAESRHEER, 3 F,
WEATNE) MEsrsn, EEWN, %55 R = {x,%,,,x, e Rl x, >0,i =1,
2--',n} R
FERATIRA AL I, AT AR R, R— A EEN R, BN LRIIHE 225 RA
RIS, — AN Y & 162 O I N A e i N B, R — RSB R v A5 BB (1) 1Y BEAR R
Ry =B/(y, +8 +p +a,), (3)
A UEAT IR 1,
EE 1 BRI BRAAETHR R E, = (A/w,0,0,0) o WER Ry <1, MIBHY (1) 0 TCHs -
JE, SEREEHERRER; W R, >1, W E, BATEER,
EE2 R R, >1, WER(L) FAAEME— M i sl E7 (SST05R™) &
IEBA TR (L) BT A ET (ST, Q R W TR
A=BS*I"/N* —uS* =0,
BSTIT"/N* = (y(b,I") +6+p +a,) =0,

. . (4)
ol —(e+p+0a,)Q0" =0,
y(b,I")I" +eQ" —uR" =0,
BT Bk 1 /2 FE
o, —a,l? —a,l" =0, (5)

/ﬁ\:l:l:l:al :Ab(ﬁ_ (6 +u + +71)>§ a, = {ﬂ_ [1 - (,u+g)/(g +M+a2)J8_a1}(5 +u+a +70);
a = (B-[l-(u+e)/(e+p+a)]d-—a|(B+p+a +y)b-A[B-(8+p+a +y,) ] MR, > 1,
Ao >0 Ha,>0, HZRITBERIRAXATH, 5t (5) fA7EME—RIEME, IS R, >1 0, BEAL(1)fF
TEME— R T A A, B 2 TIERE
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BIR, MR, <1 B, HR(S) WTREFAEPIA LM, BRI (1) w] GEAFAE A IE A 05, Rk, A5
Y1) FTREAFAEIG M43 25 3 T R FH O i a2 BERAIE AR AL (1) 76 R, = 1 BF &R M43 22,
e, WEEBIENNESE. K5, MR =18 =" =y, +d+u+a, . 2T, NEAB=p"
- -B 0 0
" , 0 0 0 0
MR (1)FE E, = (A/1,0,0,0) ZbHY Jacobian EFE, B J,. = .
0 8 -(e+p+a,) O
0 b4 £ M
AR, 052 J,. — AN HRHE(E . J,. X THRAEE 0 M — A RRE R it w A RHE & v 2351y
[— (yy +8+p+a) (e +p +0)/(du), (& +p +a,)/8,1,(ayy, +8s +yu +v8)/(qu)]" (0,10 0)T
Ao, MBI B9 B DA, Hdk =1,2,3,4, x, x, a0, 0 FIABERL (1) RS AR &

I, Q. R, %¢=B-B", EXA, = Z[vkww,w ¢,/ (9x,0x)] (A, = Z[U,iwxa @)/ (dx,0d) ],

RS '
A =2(e+p+0a,)/8{[-(y, +d+pu +a)w/A —e/u]l + (e +p +a,)/8
[ (v, +8 +p +a)w/A -y /u+ (y, —v,)/b]},

HA, = (e +p+a,)/8 >0, )5, WG 20 e FE 4. 1 ATF3EHE 3,

EIE3 WHRA >0, WA (1) ER, =1 AEEIRRDE,

R T O EESE, L,

1 ERREBAWFSE. A=30, u=0.1, y,=0.009 8, v, =0.239 4, 5=0.072, 6=0.104 6,

=0.001 7, £=0.2394, a, =0.001 1, HA BFEXEI[0.133 71,0.467 985] NA&fk, fHifF R, 7EIX

[E][0.30,1.05 ] 7284k, MR (6) 1, A, =1.219 07 >0, Ky, HIEER3 al%, BA(1)7ER, =1
Wb RA S 538 (WAL L) .

WAk, 4B =0.23176, WEF R, =0.52, HR4EEH 3 ATAN, BIR (1) A A 24 45 M 9 1 i A
E* (282.160 667 5,8.179 298 012,2.512 641 915,6.980 705 454) Ji W 5], B 4 8% JC Wi F 5 4
E”(300,0,0,0) riks|, XEWE, R, NELISEEIEIARMNS) 24118, BFEH EG &S
Hphimi =R (E 2) .

(6)

801 201
70k 18+ _(Sﬂ’ IO’ QO) BO) = (1) 1,15 1)
16+ _(SO’ IO’ QO) 1?0) = (2) 20,2, 2)
60
14
50+ 12
fad =
= 401 = 10+
30 8r
20t o
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10f ok
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Fig.1 Backward bifurcation curve of model (1) Fig.2 Time series of I(z) of model (1)

EE4 WLEMPILRIE (S(0),1(0),0(0),R(0)) e R, , #AI(2)TE[0, 0 ) b AFTEME—fiFt
(S(e),I(t),Q(t) ,R(1)) , HFHIZMHAEXI R, L, [, ZRCEA WM TIER., HMEEwe 2, 17
i, =t,(w) >0, iYL= B, A/ (n+a, +a,) < S(t,w) +I(t,0) +Q(t,0) + R(t,w) <
Ao

SEHL 4 BUERT LERCTRT A, TRANAUERA b B T 22 S0k [ 21 ]
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EL EXT = {(S(),I(1),0(t) ,R(1)) e ROA/(w+a, +a,) <S(t) +1(t) +Q(1) +R(1) <
Alpt o
HEH 4 Al XF AR BRI (S(0),1(0),0(0) ,R(0)) e R | fFfEt, >0, fif32Y 1=, B},
A (S(t),I(t),Q(t) ,R(r)) e I' . B, FHANFELES I' LOSERAL(2) B 1547 R,
EES5 RKR <1, WHEZEWLGTE (S(0),1(0),0(0),R(0)) e I, ﬁ}irg(S(t),I(t%Q(t),
R(t)) = (A/w,0,0,0) , HH R =B/(y, +6+pu+a, +0°/2) ,
IERR HRIEH], X TAEER e >0, BEMFTE E>0, RN TAEERN (S(0),1(0),0(0),
R(0)) e I'n O, , B, 0, = (A/u - £,A/u) x(0,6)°, A
P{lim(S(1) 1(1) ,Q(1) \R(1)) = (A/1,0,0,0)} =1 -€. (7)
ES (S, I,0,R) =A-BSI/N -uS, g(S,1,0,R) = aSI/N;f,(S,I,0,R) =BSI/N - (y(b,I) +6 +
wra ), A =B-(y, +6+u+a,) .f,(S,I,Q0,R) .£,(S,I1,0,R) M g(S,I,0,R) TELHFEAGH E, =
(A/1,0,0,0) HIRSFE M0 : (9f,)/(9S) (Ey) ==u;(3f) /(D) (Ey) =-B; (8f,)/(3Q)(E,) =
0; (9/,)/(aR) (Ey) =05 (3/,)7(3S)(Ey) =05 (9f,)/ () (Ey) = A5 (3/,)/(3Q)(Ey) = 0; (3f,)/
(OR)(E,) =05 (9g)/(3S)(Ey) = 05(dg)/(d)(E)) = o35 (3g)/(IQ)(E,) =0; (dg)/(IR)(E)) =0,
KL, £,(S,1,Q,R) . f,(S,1,Q0,R) Ml g(S,1,Q,R) TETCHG V- 25 E, BT A2 #4351 A
fi=—-uS-Bl+o;f, =Bl -(y, +é+pu+a, )l +0; g =0l +o, (8)
Horo:i=o(/(S-Aw)> +F +Q° +R*) , 7H lim o( V(S -A/uw)* +TF +Q* +R*)/

(8,1,Q,R)—(A/p,0,0,0)

(V(S-Au)> +F +Q°+R) =0,

H o 2428, Ry <1 AIE(8) nlfd, XFAERM (S,I,Q,R) e T N O, , #A LInl = (y, +8 +u +
a +0.50%) +0 <0, HllimI(s) = 0, AJFIMICHRL20] hE B 1 HOIEVT AT A, lim Q) = 0,
limR(1) =0, limS(1) =A/p, BIXFFAERR (S(0),1(0),0(0),R(0)) e I'N 0O, , FX(7) K&
ALY,

HRRIUE, X TALERY (S(0),1(0),Q(0),R(0)) e I', BERL(2) BIf# (S (1), 1(),Q (1),
R(1)) Maed—mt 21 AL N0, & XA 7, = inflt = 0:5(1) = A/u - &}, I LREL
V.(S,1,Q,R) =C, - (1 +8)%, HrfC, MC, BWANIERFE, HHWHREWTRE: 1) NFEEN
(S,1,Q,R) e I', WAV, >0; 2) C,>2; 3) XNTHEEMNS e (0,A/n-&], A (1+S)(A-BSI/N -
uS) +0.50°(C, —1)S’ /N = 0. 5¢,

B Ito A2, LV, == C,(1 +8)272{(1 +8S)(A =BSI/N —uS) +0.50°(C, - 1)S*P/N*} <-0.5¢,

SRIG, MG Dynkin A A E[V,(S(7, A o) I(7, N1),Q(7, Nt) ,R(7, Nt))] <V, ((S(0),
1(0),0(0),R(0))) =0.5¢E(7, Nt) o % t—oe , FHIE Fatou 5IFEAIFG . E[V,(S(7,) ,I(7,),Q(7,),
R(1,))] < V,((S5(0),1(0),Q(0),R(0))) -0.5E(7,)

WES, MTEEN (S,1,0,R) e I', V, AR, FILA

E(7,) < o, (9)

B, ARARSER Markov #EIT, p3U(7) MU(9) AT}, MAERA € >0, Pilim(S(1),1(4),Q(1),
R(t)) = (A/u,0,0,0) =1 —€, X¥FAEEM (S(0),1(0),0(0) ,R(0)) e I' , EFS5 UL,

EE6 B R) >1, W Markov 32 (S(¢),I(1),Q(t) ,R(t)) XTF D, RIEFIRMK, Hi, D =
{(S,1,O,R) e I''e<S<A/ue<I<Aue <Q<Au,e SR<AuA/(n+a +a,) +€ <N<
Ap - €L, FFH e B—AFA/NIEREL,

UERR & SLPRECH(S,I,Q,R) = M[€,(S+1+Q+R) -InI-€{InS] -InS-InQ -InR -In(N -A/
(w+a +a,)) —In(A/u-=N):=MV, +V, , HF.V, =€ (S+I1+Q+R) =Inl -€InS; V, == [In S +
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InQ+InR+In (N-A/(w+a+a)) +In (A/u-N)];€ =(y, +6 +pm+a, +0.507)/A; £, = (y, +6 +u +
a, +0.50%) /u 5 M IE— AT RIE S, (15

—3M(y, +8 +u +q +0.502>(31?5 1) +B+u+050" + e +pu+a, v+ +a +a, +u <2, (10)

B, FER—TER R (S, .1, ,0. ,R,) e R, | flif5% 0 5% S WG i/ ME, B H(S,1,0,
R) = H(S, L. ,Q. ,R,) . X V(S,I,Q,R) = H(S,I,Q,R) - H(S ,L,Q.,R) ., W, V(S$,[,Q,R) =0,
i Tto A=Al 15

LV, <-BS/N + (y, +8 +u + o, +0.50°) +€,(=A/S +BI/N +u + o/ (2N)) + €A — € uN

<-3(y, +8+p+a +0.562)(JR, —1) + 68w + o, +a) /A +0.560"(u + o, +a,) P/A, (11)
JFHA
LV, <-A/S +B +u +0.50° =81/Q + (& +p + ) —&Q/R +u - (e +,0)/ (A/u = N) —
((S+0Q+R) +a,(S+I1+R))/(N-A/(u+a, +a,)) +p +0; +0, +1o (12)

WP (10) ~K(12) A, LV = MLV, + LV, < -2 + M6,B(p + o, + a,)I/A + 0. 5M€,0” (u +
o, +o,) P/A* —A/S - 81/Q — 8Q/R — o,/ (N - A/(u +a, +a,)) —a,I/(A/u = N) o % & fz—3E
S /NIE R R, i3 -2 + ME,B(n + o, + a,)€e/A +0.5MU,0" (u + o, + a,)’€ /A < -1, ME,B(u +
a +a,)/m+0.5M07 (u + o, +a,)’/u —min{A,8,e,a,,0,} /e <1,

SRIGH: T\ D, /il 6 X3k, BN\ D, =D, UD,UD, UD, UD, UD,, H*¥.D = {(S,I,
Q,R) e I''0 <I <€l;D, ={(S,I,Q,R) e ':0 <S <e€|;D, ={(S,I,0,R) e':0<Q <€, =
el;D, = {(S,[,Q,R) e ''0 <R<€e,Q=¢€};D;, = {(S,1,Q,R) e ':A/(u+a, +a,) <N <A/
(m+a, +a,) +€,1=¢€l;D, = {(S,1,Q0,R) e ':A/u—€ <N < A/u,l =€},

XFAEEN (S,1,Q,R) € D, , H

LV<-2+M0B(u+a, +a,) /A +0.5M,0° (u + a, +a,)’ /A
S-2+MOB(w+a, +a,)e/A +0.5Mb,0° (u + @, +a,) /A <-1, (13)
XFAEEN (S,1,Q,R) € D, , H
LV < MEB(u + o, + @) I/A +0.5ME, 07 (u + o, + a,)2IP/A* = A/S
SMEB(w +a, +a,)/u+0.5Mo" (u +a, + )/’ —Ale <-1, (14)
S TFAEER (S,I,Q,R) e D, , &
LV<M6B(u +a, +a,)I/A +0.5M,0° (u + o, + a,)*P/A* = 81/Q
SMOB(u +a+a)/m+0.5M,0"° (u +a +a)’/u’ -de/€ <-1, (15)
SFAEER (S,1,0,R) e D, , A
LV<M6B(u +a, +a,)I/A +0.5M,0° (n + o, + )’ P/A* — Q/R
S MEB(u +a, +a,)/u+0.5M0" (u +a, +a,)°/u’ —e€/e€ <-1, (16)
AL (S,I,Q,R) e Dy , A
LV < MEB(u + a, +a,)I/A +0.5M,0° (u + o, +0,)’ P/A> — o, I/ (N —A/(u + @, +a,))
SMEB(w +a, +a,)/u+0.5Mo" (u + o, + )/’ — e/ < -1, (17)
STAEER (S,I,Q,R) e D, , A
LV<MEB(u +a, +a,)I/A +0.5M,0" (u + a, + ) I'/A* — a1/ (A/;u = N)
SMEB(w +a, +a,)/u+0.5Mo" (u +a, + )/’ — e/ <-1, (18)

1 (13) ~ 2 (18) A5, RFAREEM (S(1) ,I(t),Q(t) ,R(1)) e T\ D, , ALV <-1, Hiik,
Markov #3F2 (S(¢) ,1(t),Q(t) ,R(t)) KT D JRIEFIRK), EH 6 UEE,

E2 ERLS FUER 6 R, FENUER(2) Bzh 15 AT se Al Ry FRERsE, T PEERY (1) 13
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T4, AU T HEAFLERL Ry, KB TRIU6 55 F AR A T R (ILE 3 FfE] 2)
3 BHEIR) <R, WR Ry <1 <R, MIHHE VR (1) U AY S5 R 2 BRI AT, Rl
B (2) TN B 4 RN 5 Z AR B, X TR A mT LA B B934T

2 BUEER

FRAE COVID-19 BYSEPRSHUER IR R A S B 45 5 . B o, sRDUE— b X8 A
FUERE R 10 000 A, A AR HA R 80 a, HAT AINA S KRR, W ARIET R u = 1/(365 x
80) =3.424 65 x 107, EEBEHEIREL b =50, BEH MG BE AR A =30, BRIEREEL=1.5,
HA RS H A SCiik [22], BAISEHUEN: A=30, B=1.5, ©=3.42465%x107°, v,=0.009 8, vy, =
1/14, =50, 6=0.1046, o, =0.001 7, £=0.2394, a, =0.001 1,

FER S, BRBENLEIRL (2) BBIME (S(0),7(0),0(0),R(0)) = (7 000,1 000,1 000,1000) ,
MR RREE o XTI (2) B 2R RS

B2 % 0=0.5, £5BF R = 4.954 373 228 157 128 > 1 , HIEEM 6 Al A, Markov if T2
(S(t), I(t),Q(t) ,R(t)) ;RIEHRE), BB EREAR (WK 3), HETK, ©0o=1.7, Al1FR] =
0.92435<1, H R,=8.438 21, MIGEH | FEHES a0, FEHUERL(2) B T 58 R I9:, i
FE PRI (1) W A S5 R A 5 Z AR R (LI 4)

14001 1400 -
— ML Stochastic — B HL 4 Stochastic
1200 — 1) 7 'k Deterministic 1200 — 1iffy 7 P Deterministic
1 000 1 000
R 800 800
= 600 = oo
400 400
200 H 200 k/\.
0 A 5 ! 0 | I |
t
3 B (2)FNEER (1)K [(¢) RHEIF S E (0=0.5) B4 RB(2)FIEE (1)K I(¢) HEFHNE (0=1.7)
Fig.3 Time series of I(r) of model (2) and Fig.4 Time series of I(z) of model (2) and
model (1) (0=0.5) model (1) (0=1.7)
3 &g

ARSCHGE T HA 1A A RN R LR MR R A B AL STQR IRA TR AL, UWEI T X FAE 45 % B4
UWRIE, BEALEA(2) BUBAFEME— R IR 338 TREALE (2) BEEAFAR R, JHIEM 7%
AFAEFCR P E SR KL S RF AN BIESE. MR <1 I, EHREBEUMER 1 K4, 4 R) > 1 0,
Markov 12 (S(1) ,1(1) ,0(t) ,R(t) ) SEIER IR, HIBRGEAF AN,

[ &% Wk ]

[1]World Health Organization. Coronavirus disease ( COVID-19) pandemic [ EB/OL]. (2020-12-28 ) [ 2022-10-13 ]. https://
www. who. int/emergencies/ diseases/novel-coronavirus-2019.

[2]BOOTSMA M C J,FERGUSON N M. The effect of public health measures on the 1918 influenza pandemic in US cities[ J].
Proceedings of the National Academy of Sciences,2007,104(18) .7588-7593.

[3]BRITANNICA E. Black death[ EB/OL]. [ 2022-10-13 ]. https : //www. britannica. com/event/Black-Death.

[4]FENG Z,THIEME H R. Recurrent outbreaks of childhood diseases revisited : the impact of isolation[ J]. Mathematical Biosci-

http : /xuebaobangong. jmu. edu. cn/zkb



- 176 - FRREM (HRBERRD 5528 %

ences, 1995 ,128(1/2).:93-130.

[5]HETHCOTE H,MA Z E,LIAO S B. Effects of quarantine in six endemic models for infectious diseases[ J|. Mathematical Bio-

sciences,2002,180(1/2):141-160.

[6 ] WU L I,FENG Z L. Homoclinic bifurcation in an SIQR model for childhood diseases[ J]. Journal of Differential Equations,

2000,168(1):150-167.

[7]ERDEM M,SAFAN M, CASTILLO-CHAVEZ C. Mathematical analysis of an SIQR influenza model with imperfect quarantine

[J]. Bulletin of Mathematical Biology,2017,79:1612-1636.
[8]WANG W D. Backward bifurcation of an epidemic model with treatment[ J ]. Mathematical Biosciences,2006,201(1/2);58-
71.

[9]WANG W D,RUAN S G. Bifurcations in an epidemic model with constant removal rate of the infectives[ J]. Journal of Mathe-

matical Analysis and Applications,2004,291(2).775-793.

[10]ECKALBAR J C,ECKALBAR W L. Dynamics of an epidemic model with quadratic treatment[ J]. Nonlinear Analysis: Real
World Applications,2011,12(1);320-332.

[11]SHAN C H,ZHU H P. Bifurcations and complex dynamics of an SIR model with the impact of the number of hospital beds
[J]. Journal of Differential Equations,2014,257(5):1662-1688.

[12]TAN J G,MU L. W,HUANG J X, et al. An initial investigation of the association between the SARS outbreak and weather:
with the view of the environmental temperature and its variation[ J ]. Journal of Epidemiology & Community Health,2005,59
(3):186-192.

[13]LAMBRECHTS L,PAAIJMANS K P,FANSIRI T, et al. Impact of daily temperature fluctuations on dengue virus transmis-
sion by Aedes aegypti[ J]. Proceedings of the National Academy of Sciences,2011,108(18),7460-7465.

[14]WEI F Y,CHEN F X. Stochastic permanence of an SIQS epidemic model with saturated incidence and independent random
perturbations[ J ]. Physica A ;Statistical Mechanics and Its Applications,2016,453:99-107.

[15]LIU M,BAI C Z,WANG K. Asymptotic stability of a two-group stochastic SEIR model with infinite delays[ J]. Communica-
tions in Nonlinear Science and Numerical Simulation,2014,19(10).3444-3453.

[16 ]SHAMAN J,KOHN M. Absolute humidity modulates influenza survival , transmission, and seasonality[ J |. Proceedings of the
National Academy of Sciences,2009,106(9).3243-3248.

[17]LOWEN A C,STEEL J. Roles of humidity and temperature in shaping influenza seasonality[ J . Journal of Virology,2014,88
(14):7692-7695.

(18X EE 22 INGERE  J5 I , 4. LA Logistic ¥4 1 Beddington-DeAngelis % 7E SR AU BfAL SIRS 1 YL A0 5 Mo M [ 1]
BeF YRR 2022,42(6) :1861-1872.

(19 )22 58 AL, MR, 45 . —BEHL COVID-19 f& QeI 2h J12AA7 0 [ T]. AR ,2022,35(3):553-562.

[20 ] CASTILLO-CHAVEZ C, SONG B. Dynamical models of tuberculosis and their applications [ J |. Mathematical Biosciences
and Engineering,2004,1(2):361-404.

[21]LI D,CUI J A,LIU M, et al. The evolutionary dynamics of stochastic epidemic model with nonlinear incidence rate[ J ]. Bul-
letin of Mathematical Biology,2015,77:1705-1743.

[22]7ZHOU W K,WANG A L,WANG X, et al. Impact of hospital bed shortages on the containment of COVID-19 in Wuhan[J].
International Journal of Environmental Research and Public Health,2020,17(22):8560.

(RfEHE DE% HXHER =R

http : /xuebaobangong. jmu. edu. cn/zkb



