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Dynamics of SIS Models with Random Diffusion of Air Pollutants
HUANG Youlin, WEI Chunjin, ZHANG Shuwen
(School of Science, Jimei University, Xiamen 361021, China)

Abstract: In this paper, the dynamics of a stochastic SIS model with nonlinear infection rate and random
diffusion of air pollutants were studied. The disease transmission coefficient was a function of the air quality in-
dex in this model. A one-dimensional stochastic differential equation( SDE) model about infected individuals
I(t) was derived according to the statistical properties of stochastic process. Firstly, the existence and unique-
ness of positive solutions of SDE model were proved. Then the sufficient conditions for the extinction of the dis-
ease and some properties were obtained. Finally, the results were verified by numerical simulation.

Keywords: air pollution; respiratory diseases; stochastic SIS model; noise intensity
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fife AQT B B AL T IE A2 A o] 552 M I W 308 055 A5 4 HAT BB R L,
HRAEIE A B 1Y S LR, AN SC% B8 LU R AR YL R % AQI FZMAY SIS AFLAY | 1
dS = (@ - B(F)SI/h(N) - d,S +yI)dt,
dI = (B(F)SI/k(N) - d,I - ol —yI)dt, (1)
dF = (¢ = uF)dt,
Hob N(o) 2o IFZIB N D SB, WE N(e) = S(e) +1(t) , ¥MEN, =S, +1, ; S(¢) FI(t) 5335
IR B ARG BT ¢ 2B o BR A BIEIA R, d, Fl o 0 B3R HARIET- R ABARICT
Ry oy FRBPRMEIIKE R, B(F) = BF TR AQUILIMI YR s F (1) 2R ¢ 2178 i 4
B o RRTTRYMAZ TR, w RIS EWIEALE,; B(F)SI/h(N) FRNBIE I HFITR R
R(N) = (1 +/N + /1T +2fN)/f",
BHUWEW T = {(S() (1)) |S(t) =0,I(t) =0,0/(d, +a +7y) < N(t) <w/d} ERLE (1)
MIEAZEE, RS (1) AlHR
dl = (BF(N - DI/h(N) = d,I - ol - yl)dt,
dF = (¢ — pF)di,
BRARGH TR E, = (I",F") = (N" —ph(N")(d, + a +7y)/(Bc) ,c/u) , Ey, = (0,¢/u) , %
AREAER, = BeNy/[ph(Ny) (dy +a +y)] o
SR, BEDLPLShZeH AR 45 Fh ARG h, 2805 Y Ak T i 2332 BN BEHLIN Z 52,
I, ARSCHEEX S IG PR AT T RN S, AR S AR (2) ARXTR A REPLALRY, Rp
dl = (BF(N = DI/h(N) = d,I - ol - yl)dt, (3)
dF = (¢ —uF)dt - 8FdB(1t) ,
Hep, & FoRAMEFSRE; B(t) BRAREMWZsh, h3CEk [15] 78 F(t) = o/u + (Fy - c/p)
exp(—ut) +o(t)dB(z)/dt , Hr. o(t) =/ Var(F(t)) , Var(F(t)) = P, + Pexp(—ut) + Pyexp(—2ut) +
Pexp[ (8 =2u)t] , P, = 8/ [’ (2u = 8")] , P, = 2e8" (Fyu = )/ [ = &) ] , Py == (F, —c/u)*,
P, = F2 +2e(F,8 —2Fu +¢)/[(u -8) (u -8) ] . Bk, RS (3) nFonhy
dl = I[ (Be/p + (BFy — Be/w)exp(—ut) ) (N = I)/h(N) - (d, + a +7y) ]dt +
Bo(t) (N - I)I/h(N)dB(t) . (4)

(2)

1 F&HEIR

SRR, HHLITFIES: 1) R = {(a,,a,,,a,) € R'a, >0,i =1,2,-,n} ;3 2) XTF n
ARREL L, BEXLL N LNV - VL = max il Ll

B (1) = (X, (1), X, (1) -+, X, (1)) (¢ = 0) SEREHLH I TT 72

dX (1) = [u(e) + U()X(1)]de + 2 [f.(1) + Fi(1)X(2) ]JdW, (1) (5)

(I, o W) = [W (), Wo(0) o, W, () 1" 2 m GEAEAN SRR . U (o) FF (1) J2 noxn R R
B, w(e) Ff(e) J&mxm FEFER &,

EE U R () . f(t) UQ@) FIF, (1) XF e [0,T] BTEMARE, XFel0,
T] W EX; < oo, ALEWIME X, 5 W) Tk, MRS (5) fF7EME—RIM X () , WHE X(0) = X, .

EE2M (o AX)  Ba(e)(1=0) & To b, HEHUMT R de () = f(0)dt +g(1)dB(1) , H
. fel'(R",R") ; ge L’(R"R™) , & V(x(1),1) € C*'(R" xR;R) , W V(x(2),0) 5952 Io
W, BABEIGY dV(x() ,0) = V. (x(2),0)de + V, (x(2) ,0)dx(e) + (1/2)dx" (1) V, (2 () ,t)dx (1),
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2 FEHLARKIUERA

EIE3 WMEEAEMWIEL e (O,N,) , #8 <2u, WRG (4) fEAEME—#1(¢) , I HLIME
RIAET (0,Ny)

iERR WAR, RE (4) IS BOH L JRER Lipschitz 251, W RS (4) 1EAEME— B JR300# 1(1)
(t e [0,7,)) , Hrr RBEREETE, A TIEXAMEE 2R, RFIEH 7, =+

ke >0 RIER, #1531, e (1/ky Ny = 1/ky) , M TAEERNIER b =k, , & X—EF5
7, =inf{t €[0,7,):1(t) ¢ (1/k,N, - 1/k)}| .

ELinf ® = o (®RE-ATHE), B, Hhk—oo B, 7 BRFEBEN, Hr <7, , HA
T, = klirﬂ,ﬂ‘ , e, <7, 0 Wik, RFFIEH 7, > o |

ik r, Ao, WHEEFEHT=0 e (0,1) II—MEEE =k, BPir,<T| =&, Vk=k,
EXL—NC-RE: R >R, ,V=1/1+1/(N-1), i o A3 dV = LVde + [1/(N = 1)?
1/P][Ba(t) (N -1)/h(N)]dB(1) , Hrf.

LV = I[ (Be/p + (BF, = Be/p)e™ ) (N = 1)/h(N) = (d, +a +vy) /(N -1)* - [ (Be/u + (BF,
Be/w)e™)(N = I)/h(N) —= (d, + a + )1/ + B’ (t)(N - D)’I[ - 1/ + 1/(N
DP1/BP(N) < (d, + a + y)/I + I[Be/m + (BF, - Be/w)e™]/(h(N)(N - 1))
B’ ()P/((N-Dh(N)) +B0” (1) (N -1)/h*(N)I,

WG (V) EIER, BIE0 < I/R(N) < 1 MO0 < (N -1)/h(N) <1, %7 BF, < Bc/u, N
Be/u + (BF, — Be/pm)e™ < Be/m 5 45 BF, = Be/w , W Be/m + (BF, = Be/w)e™ <BF, ., HE <2u K
o(t) FikXG8], FEM, >0, Wto(t) <M, ,t=0, EXLM, =BF, V Be/u MK = (d+a+y+
BMY N (My +B8M) , WILV<K[1/I+1/(N-1)] =KV, [Hiit, % Ve e [0,T] ek=k , HEVUI( A

=+

7)) = V(1) +EfAOTkLV(1,F)ds < V(1) +EJIAOTkKV(I,F)ds < W(I,) +KEfAOT"V(1,F)dsO

HABUER 5 3clk (18] AHL, FENLA B,

EH4 AR =BcN,/[u(d, +a+y)h(N,) ] =B N/ [ 2 (2u -8) (d, +a+y)h*(N,) ] . &
I(1) BARER (4) REEM, SHEBELEMWRIME L, € (0,N,) , & FHHP—ANKERS; 1) 8 <
2u’d h(w/d,) /[ Bew + pd h(w/d,)] FIR} = Bew/[ud, (d, + a + y)h(w/d,)] - B 8w /[ 2u° (2u -
) (d, +a+y) kK (w/(d, +a+y))] <1;ii)8 <2uf& >2u/[2(d, +a+y)h*(w/(d, +a+
y)) + 1], NERRHEECK 4,

ERA i) R o A=A

din I = LVdt + [Bo(t)(N -1)/(2h(N)) ]dB(t), (6)
H: LV = (Be/w + (BF, = Be/pm)e™) (N =1)/h(N) = (d, +a +y) =B’ (1) (N -1)°/(2k*(N)) ,

X (6) PRI 0 2] ¢ B3 IFBRLL ¢ W45 ¢ 'In I(¢) = ¢'In [, + ¢ fglds + g/t + 17
f;g_z(l(S))dB(S) o i gy = Be(N = 1)/ (ph(N)) - B8 (N - 1)*/[2u*(2u -8 )R> (N) ] - (d, +

@t V)i & = f;“ﬁFo = Be/w)e™(N - D/R(N) = B(N = D[Pe™ + Pe™ +

Pe® /(2R (N)) tds . I, g, =- B8P/ (2 (2u - 8)R(N)) + I[BE8/(2u’(n -
8)h*(N)) = Be/(uh(N)) ] + BeN/(ph(N)) - B8N/ (2p* (2u = &) (N)) - (d, + a +y) <
—BEEN/ (2 (2 = )R (N)) + BeN/(uh(N)) = (d, + a +y) + {8 /[2u° (uw = &) h* (w/(d, +
a+y))] =Be/(uh(w/d, +a+7y))} <-B 80 /[28°2u -8)(d, +a +y)’ K (w/(d, +a +7y))] +
Bew/ (pud h(w/d,)) — (d, +a+vy) =(d, +a+y)(R) -1) <0,
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T & <2u’d h(w/d,) /[ Bew +ud, h(w/d) ] T8 < 2u ST, WZSIEN limjtg3dB(s) =0
&}irg(gz/z) =0, Kt limI(1) =0,

i) A6 <2ufé >2u/[2(d, +a+y)h (w/(d, +a+y)) +1], Wg =-pP[(I-N)"+
2¢ch(N) (I = N)/(BuP,)1/(2k*(N)) = (d, + a +y) ==BP,[1 =N+ ch(N)/(BuP,)]?/(2h*(N)) +
/(WP R (N)) = (dy +a+y) < (2u-8)/[280 (w/(d, +a+y))] - (d, +a+vy) <0, [AH
Ak limI(1) =0,

EES W) BEG (4) WREWGREM T, e (0,N,) WALEM, 457 R? = Bew/[u(d, + o +
Y):h(w/(d, + a + y))] - B0/ [2uWd,(2u - 8)(d, + a + Y)W (w/d,))] > 1,8 <
2u’d, h(w/d,) /[ Bew + ud h(w/d,) ] V 2u/[2(d, +a +y) + 1], WER (4) AufiA FHvER, B

lim sup I(¢) = &, (7)
liminfI(t) < &, (8)

o
e =Ny +h(N)[ /& ~20°P (d +a+y) —cl/(uBP) (9)

g, (x) ==BP, (N, =x)>/(2h*(N,)) +Bc(Ny —x)/(uh(N)) = (d, +a +y) 7£ [0,w/d, ] EME—FIAR,
iERA M8 <2uff, g, (1,0) 7E[0,w/d, ] x [0, ) FH, MR HE lim(g,/1) =00 R > 1,
W g (Ny) == (d, +a+y) <O0Fg (0) = (d +a+y) (R -1) >0, Wg (x) fA—DIERAM
— AR, FEHIE: 1) Max e (0,0 V [uBP,N, — ch(N,) 1/ (uBP,)) I}, g (x) > 0 =&HBH, i)
Mx e (0V [uBP,N, —ch(N,) 1/ (uBP,) &) B, g (x) >0 kI, i) Hx e (e,N,) B, g,(x) <0
JERE B
BAEX (7)) AL, MAEERT/N e, e (0,1), i P(Q) > ¢, HH 0 =
{im sup I(1) < & -2¢,} o B, ¥ Vo e, FHET =T(w) >0,
I(t,2w)<e-€,t=T(w), (10)
fifi e, T/, WL g(0) > g,(e-€) o Hi). i) ML (10) &, M Vi=T(w), Hg(I(t,w)) =

gle—e) . MIRRBOER, 702 C 2, X Yo =0, A lim: ftﬂa(s)(N - I(s,
w))h" (N)dB(s,@w) =0, WiInI(t,m) =In, +f7‘<m)gl(l(s,m))ds +tg(e-€)(t-T(w)) +

g (t, @) + f:)ﬁa(s)(N - I(s,m))h""(N)dB(s,w ) , HIk, lirrgxinfln I(t,w)/t=g(c-€) >0,
Pk limIn (¢, @) = o, xHH (10) MFE, el (7) oL, FPAEERX (8),

EE6 BWR? >1M8 <2u’dh(w/d,)/[Bew +pdh(w/d)] V 2u/[2(d, +a+7y) +1] o #F
BB (7) PHY e KT 6 B— D REHA

0 <8 < 2u —2quB’ N,/ [ BN, + 2BcuN,h(Ny) = 2u*h* (N) (d, +a +y)] =87, (11)

N & F=H% 56U, Hggig = N,(1 -1/R,) , BI'f5
{0,1 <R, <2,
N1 -1/(R, -1)],R, > 2,

R BT de/dS = (de/dP)) - (dP,/d8) = -4c’du™ (2u —8) *[h(N,) (/¢ =2Pu’(d, + o +7y) —
)/ (WBP;) +uh(N))(d, +a +7v)/(BP, /¢ —2Pu’(d, +a +v))] ==26h(N,))[ /& 2P’ (d, +a +7y) —
I/ (WBP(2u - 8°)%) <0, HIk, FE & M, & A%/, WA L'Hopital 5. lime = N, +

-0+

(12)

lime =
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lim h(N)u(d, + a +y)/(B/¢* =2Pu’*(d, +a +v)) = N,(1 = 1/R;) .
50+
E X J, = BzczNé , ), = IBZCZN(Z) + ZIBCMNoh<No) - 2M2(d1 + a + 7>h2(N0) s N} lim P,
5—8% -

X

5551?_0232/(“2(2:“ - 52)) = Cz(-]z - ]1)/(M2J1> s -ﬁ _2(~]2 _Jl)Jl(dl +ta+y) = Mh(No)
‘BzczNé = 2uBcNh (Ny) (d, +a +7y) ‘ = MBcNoh(Ny) (dy + a +y) ‘Ro —2‘ s BNoe(J, = J,) — ph(N)J,
BCNoﬂzhz(No)(dl +a + ) [BeNy/ph(N,) (d, + @ +8) -2] = ﬁCNo/“Lzhz(No)(dl +a+7y) (R, -2),
Be(J, = J,) = 2Baw’h* (Ny) (dy + & + ) [BeNy/ (ph(Ny) (dy + @ +7)) = 1] = 2Bqu’h*(Ny) (d; + o +
v)(R, -1) ., KL, 5291?-8 =N, +u,[h(Ny) /o =2 (dy +a+y)(J, =J,)/J, =ch(N,)1/(B(J, -
1)) = [ph(Ng) I =200, =J)J (dy +a+7y) + BNye(J, = J,) = ph(N)J, 1/ (Be(], = J,)) =
No( ‘Ro —2‘+R0 _2)/<2(R0 -1)) .
BEHUEMAE (12),
EET WR? >1M& <2u’dh(w/d)/[Bew +pd h(w/d)] V2u/[2(d, +a+7y) +1] , &
BREC (7)) Py e BRT ¢ I— D REHA
c > [M(ZIJv _52)h(N0> _Mh<N0) (2u _82)2 _282(2# _52)(d| +a+y) J/(IBSZNO) = Cl* , (13)
¢ < [p(2u =8)h(Ny) +uh(Ny) o/ (2u =8)" =28 (2 = 8)(d, +a +7y) |/ (BFN,) =¢,, (14)
N e k544 H lime =0, limf: = Ny{1 = [ =ph(N,) /(Qu -8) =28°2u -8)(d, +a +vy) ]/

[ph(Ny) (2u = 8%) +ph(Ny) o/ (2u -8)* =26°(2u - &) (d, + a +7y) +ph(N,)(2u -8") 1] .

W &8 <2uw/[2(d, +a+y) +1], W (2u-8)" -2802u-8)(d, +a+y) >0, HAH
de/de = —uh(Ny) (2u =8 )[ /1 =28 (d, +a +y)/(2u - 8") —=1]/(B’8) = [w(2u - & )h(N,) -
wh(Ny) /(2 = 6)2 =26 (2u — &) (d, + a +7y) 1/(Bc*8%) >0, Y Whnmf, & ™kEM . ¥ & 1
KX MAAB: 6 = N, + [ph(N) J(2u-6)-282u-8)(d, +a+y) - u(u -
8)h(Ny) 1/(Bed) , KRR

3 HEEMER

N T RUEHELE R, SR Milstein SRk XTRIALRSE (4) HEATEUERL,

STRG (4), WIMHS,=0.8, I,=0.7, F,=0.5, M w=0.75, =0.19, ¢=5, u=0.6, d, =
0.2, a=0.1, y=0.2, h=0.001, f=0.8, #76=0.9, MELHEHEHR -1 ~=-0.0290 <0,
& - 2uld,h(w/d,)/[Bew +udh(w/d,)] =-0.3172 <0, BARWEEEMAL 1) WEM,; F0=0.5,
M6 —2u =-0.9500 <0, & -2u/[2(d, +a+y)h (w/(d, +a+7y)) +1] =0.2048 >0, L
E 4G A, B 1L (a) MIE 1(b) ATA, BRpE K4,

0.8 o8y
07+ 0.7 {
0.6 06}
0.5 0.5
= o4 = o4
= =~ :
0.3 03
0.2 0.2
0.1 01f
° " " " " " . . " . ° "
0O 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500
L 3
a) 6=0.9 b) 6=0.5

B1 R&((4)EMER
Fig.1 Simulation results of systm (4)
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SETR 6 FUE B 7 AL 573550 150 B W 7 i 2 AR A 23 A3 G X i (L R )52, W7 A A7

FEN] DARRAREER B R R RS, 25 05 P TR AR I B IO P2 R e L e 0 o Beoh, O T RE LR
A, ASCHAM T @RS KM FIREILER (4) MTESER, BMw=0.6, 8=0.19, ¢c=15, u=
0.8, d;=0.2, a=0.1, y=0.2, h=0.001, £=0.8, Zr#HH 6=0.18 F1 5 =0.28, &Lt nl %,
WER? > 118 <2u’d h(w/d,)/[Bew +ud h(w/d,)] NV 2u/[2(d, +a +7y) +1] . B{EFRILE

e 2 ~ B3 fron, DFEARERY, B8 (4) fFrerRa i,

161
1.4r
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1.0
=03
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0.4
0.2+

0

0
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g?OB
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0

6 07 08 09 10 LI 1.5
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12 13 14

B2 R%G(4)HEFER(6=0.18)
Fig.2 Simulation results of systm (4) (6=0.18)
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Fig.3 Simulation results of systm (4) (6=0.28)
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BEAh, SRR TR R AR AR ¢ XRERLRY 7 RS R BN 5 S 12 iR, SRR, W
SO, 2 M R SR R E B 4 SRR, B B A T
Koo BRL (4) LR R 4 (KPR BAT PR, B0 R 25 705 SRt A R m] AR R R IR 23 A
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