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Numerical Approach of the Nonlinear Schrodinger
Equation by the Quintic B — Spline
XIE Ye, LIANG Zong-qi
(School of Science, Jimei University, Xiamen 361021, China)

Abstract: In this paper, the quintic B-spline collocation finite element method is implemented to find
numerical solution of the classic cubic nonlinear Schriédinger equation. The scheme is based on the Crank-Ni-
colson formulation for time discretization and quintic B-spline functions for space discretization, and the stiff-
ness matrix of the scheme is a block-five-diagonal matrix. The scheme is verified to be unconditionally stable
by the method of linear stability analysis. By numerical examples, it is confirmed that the scheme keeps the
conservative property of the equation preferably. Finally, the collision of two solitons is simulated.

Key words: nonlinear Schridinger equation; B-spline; numerical approach; soliton
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AP — A SRR R

ARSCHTFEINT B = IKAE LM Schrsdinger J7#2 A4 Dirichlet 3 (i 7] i -

w, +u, —qlul’u =0,x e RO <t <T,
{u(x,O) = up(x),
Horlr: u(o,0) BRARFEREG v, = 0w/ot 5 u, = 0'w/ox" 5 uy(x) ECHEEG * =15 ¢ HIHEL,
Wl g < OFRNHUAE, ¢ > OB R, Bu(a,t) LHFEAE x — = o EEHCLN 0, W J7 F5 00 fife
AR A
Ev = lulx,0) P = llug (o) 1758 = llu, (e,0) P+ 9720 u(x,0) [} = Nu, (x,0) 7+ ¢/2]u(x,0) [ (2)

Horp |- || R A LA

EILHAER, P2 A B M AR, Schsdinger 5 B2 7R EUE 507 12 P Y BT HEAT T T2 RO DT 5E -
Delfour 25 A 4R T — AR08 Taha 25 A BEE R T 5 A B 224044 301 2 A Fourier
OYESENAIE T s Sanz — Serna RN T “EBEAS R FIsk#EAY Crank — Nicolson #2, I K Bk
B e TSP AR SRS Y . T B K U Ty BBk ge Sk, it L g
JE AT R L AR T e SR AR R Bao 5T I 434 Her-
mite N Legurrer 3% J7 VL 7E BT 57 E £ 14 Schrodinger J7 #2 L K 85 )72 Y Gross — Pitaevskii J7 #2 il Bose —
Einstein B¢ 77 FE 77 AT 1 2SBiME Y E 2.

B - FESREAE A M — Rk R B, T EARE B S8 . RS TERDEE Y, 302
BT . B - BRI 2R M2 i —Fh— R dk, AT AR — B4 o AR A A BE B AR
(NURBS) , {fi15fig2h £ — My LT IR R i po 8. |9 A B 28 20 S F 1950 0 Rl Y B BESCRIT
S PEA I8 =R B FE SR pRBCR R R L% 3 pR BRI I T J /N AVRE SR L LR AR SR FROC Lk, DL =R
TR B - FESREL R BN T PR THR A B TR ARE, e WY, F. Bk B - MR
3K fi# Korteweg — de Vries — Burgers (KdVB) HREP B R RE R B - FEER IR S Korteweg — de Vrie
(CMKAV) D5 BB ™ A SCHIE 755 167 R0 B — BEACBIHE, W)y [ 5R H Crank —
Nicolson 2/ BS A 7 e ksR A2 Schrodinger J7 FEHBUEE, it Matlab S SEIRE R R

(1)

1 FRB-#&E
L1 FRB-H#EHNBE
[ (1) g CAETC A IX I by, — A 3 Moy skoR g Jo AL IX R a: 1) #UBA FRIXTE,
ANTINFEM: 2) FIH] Hermite 1% 77 VLY Lagurrer 3575125 3) 3 i W SR 0 5t DX 048 S A7 St IXC
s, FEAAT ALK IR Legendre 2230 al A 2 22 1+l T -
ARSCRSE RO, R (1) FAaRIXE [o,b] FRER, Hrba,b FIEPER
A w(a,t) BIEIIEOL. XAEIE T FERY Dirichlet 7)1 [R5 S 407 1Y ] 23 .
i, +u, —q‘u‘zu =0,xe (a,b),0 <t <T,
u(x,0) = uy(x),x € (a,b), (3)
u(a,t) =u(b,t) =u(a,t) =u,(b,t) =0,t € [0,T].
VRSO, 8w, 0) SRR SRR RISy, B w(x,) = o(x,0) +iw(x,). %

N ., Ut+wm_aw:0 — v
(X=(Ju2,Eﬁ*ﬁ(l)/}fﬁi:ivt—w,+vm+iwm—av—aiw:Oﬁ{ ’ .é\z:( ),
wt_vxx+a1]:0 w
i (1) §ER:
92/t + My 2/9x5° — aM Z = 0. (4)
0 -1
a0,

1 0
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A [a,b] 50K N ABIRETE, HKh = (b-a)/N, Fh ke a=x <x < <
ay = b. HRBREFZES (BL(x) , B (%), =, By (x) | MISGE SCAEX ] LR — R B B AR
XN
(v —%5) v e [x5,%,],

(v —x,5)" =6(x —x,,) 5 e [x,,%,,],

(x =2,3)° =6(x—x,,)" +15(x —x,,) ,x € [x,,,,%,],

(v —x,5)" =6(x —x,,)" +15(x —x,,)° =20(x —x,)° ,x € [«,,x,,,]

B(x) = (1/K){(x —x, )" —6(x —2,,)° +15(x —x,,)° =20(x —x,)° +15(x —«x,,,)°, (5)
xe [w,,%,],

(v —x,5) =6(x —x,,)" +15(x —x,,)° =20(x —x,)° +15(x —x,,,)° -
6(x = x.,,)" % € [x,%5],

0, Hfth v & [x5,%.,].

Hoh =x,, —x,i=-2, -1, N+2.

L Ne2 . Re §.
BRI TR Z = Y 8.8,(x), Hifr g, =( 65‘) BRI SR, Tk B - B4

i=-2 m

BWRTAEK ] [« %, ] BHER, HAEXE (%, ] 1 Z(x,t) BETBRR .

i3
Z(x.0) = ¥ 6,(0B(x). (6)
S = (x-x)/h, 0 <q<1, {LAR (5) 8
B, =1-59+109" - 10’ +5%" -7,
B, =26 - 505 + 200" +207° - 205" + 57",
B, = 66 - 60 + 300" - 107, 7
B.., =26 + 505 +20n" - 20q° - 209" + 107",
B, =1 +59 +10n° +10%° + 59" =57,
B, =7.
W Z,,Z' B2, AESh 8 v ISR, DU
Z, =8, +265,, +668, +268,, +6..,),
Z'. =5(-6,, - 106, +108., +8.,)/h, (8)
Z' = 20(8,, +26,, -~ 66, +28,,, +8.,)/h,
K (7) AT (6) Hig:
(Zi, +268,, +668, +268,,, +8,,) + M20/I* (8., +28,, — 68, +28,, +8.,) -
aM(8,, +266,_, +668, +268,., +6,,) =0, (9)

H: o, =g(v,> +w,?) =q[ (Red,, +26Re 5, , + 66Re 8, + 26Re §,,, + Re §,,,)> + (Im §,_, +
26Im 5,_, +66Im 8. +26Im 8., + Im 8,.,)>],i = 0,1,2,,N.
F Crank—Nicolson J5{, 15
= _>n+l _)n ‘)l _)n-%-l _>n
6, =86/" +6"/2,8', = (67 -8",)/Aw (10)
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=L (10) FRATRE (9) 15
[(87) +268" +668" +268") +8") — (8", +268", +668" +268", +8",) /At +
10M(8™) +26™) — 68" +28") +8") +87, +286", 68" +28,, +8",)/h* -
@ /2M(SI +2667) + 668" + 2687 + 61 +81, +2687, +668" +2687, +85,) =0, (11)
Hrpa! = q[ (0" +01)72)" + ((w]™ +w})/2)*].
BKoHBAE (11) 5 EsriEd.
EY = Jule,e) P = llug(2) P (12)
E;, = 1, u(x,t,) [i74 = llug, (x) P72 + qllu, (x) [[;/4- (13)
A (1) ﬂzi\li%!*%it, R TR AR AR LR AL, XTHELR I AL, I Taylor T
W= =l A ()] = A = ()] g[GP+ () Tl

i

Wit = w," = !+ A (w,)! = w! + At (v,) =gl (00 + (w0l

ol = ql (" +0)/2)% + (™ +w!)/2)2] = gl (0" +00)/2)% + ((w,” +w')/2)].
Zed RIS TR (11) A8 W — AR, R F 4

BRI (1) AT 2N + 10 ARERE (85,8180, 8x Bnat 10r2) » AT 2N + 2 A T7 AT
Tl TR, BN 8 MBS, HLRAE u(an) = u(b,t) = u (at) =u,(bt) =
0, 8 v(a,t) = v(b,t) = v,(a,t) =v,(b,t) =0,wla,t) =wlb,t) =w,(a,t) =w,(b,t) =0, A

EV|

— — — —
Z(a,t) =Z (a,t) =Z(b,t) =Z (b,t) =0. (14)
RIS (14) (187,67 ,830 654 B8, WIEBHTA  Z(a,) = 8, +268, +668, +268_, +

8, =0,Z(a,t) =5(8, +108, 106, +6,)/h =0, B8, =98,/4 +658,/2 +1658,/4,8_, =
T 8,/8 ~98,/4 ~338,/8. B x = b, HILEAMTIE: 8y, = 98y,/4 +658,_,/2 +1658,/4,

6N+1 = 5\ /8 - 95V /4 _335 /8, W 5";1, "_j' ,5"\1‘1,5x1; . HRRMERIN 2N +2 NS RAERI2N +2
B Ty AR, B

A" =B (15)
K8 = [8),8),84.1.84]
r42k, - 33ky/8 +hy 65k,/2 -9k /A 4k, Ok /4-hB+ks 0 0 0 0 0 0 1
-33k,/8 +, by - Ok, /4 ho-k/8 ks 0 0 0 0 0
b, k, ks by ks 00 0 0
0 3 k, by ky ks 0 0 0
A= ,
0 0 0 0 k h k k, ks 0
0 0 0 0 0 k k ks k, ks
0 0 0 00 0 k -k/8+k by - Ohy/4 k, - 33ky/8

i 0 0 0 000 0 0 Ohg/d-hy/8+h 65ky/2-9k/4+k, 4k -3hy/8 +hy
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4, -Rdy8 +dy 654,/2-9dy/4+d, 9dA-d8+d 0 0 0 0 0 0 -
34,8+, dy -94,/4 d,-d/8  ds 0 0 0 0 0
d, 0, d, dy dg 00 0 0
0 d, d, dy d, ds 0 0 0
B - : : A : :
0 0 0 0 d d d d, ds 0
0 0 0 00 d 4 , d, s

0 0 0 000 0 d -df8+d, d; -9d,/4 d, - 3dy/8
L 0 0 0 000 0 0 9dy/d-d/8+d, 65d/2-94,/4+d, 424, -3d/8 +dy

k, = /At + 10M/h* — aM/2 )k, = 261/At +20M/h* — 13aM ,k, = 661/At — 60M/h*> —33aM k, = k, k, = ks,
d, = I/At = 10M/I* + aM,d, = 261/At —20M/h’* + 13aM,d; = 66I/At + 6OM/h* +BaM,d, = d,,d, = ds,
ky, dy #0E2 x 2 BYAERE, T2 B A I, A R B R HO R RO A AR, AR (15) Pibg
8" TR Z ATRA 20 (x,,) = 807 42687 + 6687 26671 + 8.5 ARE]. FEAE I MR
X (11) XFFRIAAR Ae 2 BORERE, sl bR b 2 poRs
1.2 YMERZAM LR

VIR TR 80 R RIAAIE u(x,0) = uo(x) KHEN, (H8° &H N +5 RER, MERAHN +1
TR, I LA AR LA T 5208 250 -
Z.(a,0) =8 +108° - 108", -8°, = 0,

—>

—20 20 —20 0, R0
Z (a,0) =6,+26, -66,+26., +6, =0,

!

Z(x,,0) =8, +268", +668° +8, +268° m =0,1,2,-- N,

i+l

> — — — -
Z(b,0) =6y, +106, -106,, -6y, =0,

_Zm(b70) =T§(1)\3+2 + 27;)2@1 - 67;)(1)\ +T§%>2 + 2‘6}%71 =0,
TSR AR e . A°8° = B®. Mo,

8" = (8%5,8%,80,81 7,8y v Oxia) LB = (W) u! () sulag) sulay) o suly) su! (xy) u' ()
20 40 -120 40 20 7
-5 -50 0 50 5

1 26 66 26 1

1 26 66 26 1
o . . .
1 26 66 26 1
1 26 66 26 1

-5 -50 0 50 5
L 20 40 -120 40 20-

2 BRTEMESHT
i F Von Neumann J5 ik HUE N FEM AR, RihietsX (11) mioetk, ¥ (1) fim o Ha
defdfe, EIAT LA
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[(81 +2680) + 668, + 2687 +813)/At — (8, +268., + 668 +268", +6.,)] +
10M(82 +287 ~ 65." + 28 + 8.5 +81, +280, ~68, +280, +8,)/h -
QM (8" + 268" + 668" + 268" + 6" +8", +268", +668" +268", +8",)/2 = 0.
i (11) mfErIE R
—) —> t/i’mh
6! =d'"e (16)
# (16) LAt (11)
([ (I/At = aM/2)r, + 10Mry/l2 18 = [ (I/At + aM/2)r, - 10Mr,/l2] 8",

Horp. r, = 2cos(2Bh) + 52cos(Bh) +66,r, = 2cos(2Bh) + 4cos(Bh) - 6. HEEM A 5"” = QE",

1 : 2 0\ -1 o 2
/E\:IZP: Q _ (rl/At, Orz/h +ar1/ ) (rl/At, Orz/h O[Tl/ ) /?"\: X = rl/At,Y _ 10T2/h2 _
10r,/h* + ar, /2, —r,/At) \ = 10r,/h* — ar, /2, - r,/At
ar,/2, FlE Q R
-1 _ 2 2 2 2 _ XZ _YZ/ —2XY
Q:(X, Y) (X, ):(X/(X +Y), VX +Y))(X, ):( )/(X2+Y2).
Y, - -Y, -X VX' +Y), - XX +Y)/\-Y, -X XV X -Y

FEFE Q MARRAEME R : A, = [(X° = V") +2XVi]/ (X* + V)P0, = [(X* = V") = 2XVi]/(X* +V")?, H
A l=1,G=1.2).

FR4fE Von Neumann F2EPEI3AT, BEHIA SO & B aA% 2R TC /MR E 1Y, IX MR B 120 200
A h T Ar A AEATERE, AR AESEBR T R I S/ N RS, PRIEASFE ARG L.

3 HEGIF
Bl S TET R R L, WOCEk (7] TR
w, +u, +2|u|’u =0, -20 <x <20,0 <t <20,
u(x,0) = sec h(x)exp[2ix], —20 < x < 20,
u(-20,t) =u(20,t) =u,(-20,t) =u,(20,t) =0,
u, (-20,t) =u,(20,t) =0,0 <t <20,
T RRHIRE BRI INBAE N w(oo,t) = sec h(x —41)expl 2ix = 3it]. & LUNTHY L, TRZE L AR "
RSB o™ R — B R J2 AR 22

N
Re I’ = /[Re u™ — Reu'| = \/h % |Re 1! - Re u/

2
’

’

N
Im L2 — Hlm uexact — Im un || — Jh ‘Im u;xa(:t _
Jj=1

oaar ).

Bt R A K b = 0,01, Ae = 0.001 , P& 1—& 3 435t 7 Re L7 Im L* JASE L f

[ ¢ =20s BfyR2ZEE. MR alLIE F@%HTIEHE’J?‘JJH LB RZE . AP IRZE MBI, fERY

t €[0,6] BFRZERBIEN, (B =6s 25, REHSHE-NB/MIBERENXIEEY, Z/EEA

PREFARA S g, 1 B2 =0 SRR OE R A RS B [ 4 /i B T RE L pREL E | K,

SPEEMEAE, Ko E L E, 2 RIRSRE (2) IR ML, EE, EE, FRBUEM (12) , (13) 19it
BAE. ME 4 ATDE N, RO RS T R R A ST AR

e\d(,l n

J

exact

L= J(lu
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Vo
= = \
04 u [
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02t 02k /,J
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T I N2 I R U . ; T R
t/s t/s
B 1 h=0.01,At=0.001 Re uiRZEHE B 2 h=0.01,At=0.001 Im uiRZEE
Fig.1 The error of the real part of the u Fig.2 The error of the imaginary part of the u
when h=0.01,A{=0.001 when h=0.01,A{=0.001
w10’ o
T AR AR ——F1
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|
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Fig.4 Numerical simulation of the energy function E;, E,

B 3 h=0.01,At=0.001 luRPiRZEE
Fig.3 The error of the lul?> when h=0.01,A#=0.001

AR SCHIE TR o — R R AR, BAPENE . ARER RS
B2 Bt
w, +u, +2|u|’u=0,-20 <x<20,0<t<1,
u(-20,t) =u(20,t) =0,0<t<1,
u(x,0) = e™sec h(x) +e *sec h(x - 10).
HOREHIM I u(x,t) = e sec h(x =10 +41) + e "sec h(x —4t). ZITFEEA I FREE NS,
PR B = RSB 7 AL T A 9IS fife Al e A 7.
M 5—F 7 halAE S, WIS FAE ¢ = 0 s IR TARFRS A MR IE AR A 38 3, Y4
t =0.5s B, WANIGLFRAERTE, X =1 s, BEEE AL FIEA ORI R 08 AU A 1
i) BRI A EDLE 8. IS TR RO B B AR T, A SO BUE T AR S M AL T 3 —
M.
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12 T 038
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Fig.7 Numerical simulation of the lu| when t=1 s Fig.8 Space-time diagram of the solution collision
4 LHig

AL E BB TR B - BEACHL B )7 R b Schrodinger J7 BB AR, xS T — a1 By
KEHE . ZS[8107 ) B DU R BE AR 2. 1M a0 J2 2005 R A 25 1) 7 [ B HICR A T R B - #R 2%
Jrike, SRR AR I, R BRI — AR R AL DS iRX — B, X
PRI, A Taylor JEIF, K JARLNE T3 R 4R AR )RR g O LRGSR — > 0 B 0 f B ) — Ak O
FEgH, IXAERIOAR 7SR A5 2 20 B, [RIHIER] 7zt sUR TSRS E Y. dio i 1 i R 4
A, Bk TR RRRENE . SPIENE . RTEESE.
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