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Qualitative Analysis of a Three-species Predator-prey System

with Partial Benefit Relationship of Prey
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Abstract; A three-species predator-prey system with partial benefit relationship was considered. The
conditions of the existence of the equilibrium were given. By constructing some suitable Liapunov functions,
the sufficient conditions of the global asymptotic stability of the positive equilibrium and boundary equilibrium
were obtained.
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y =y(a, —ey)s
Forbrs (o) SAPIEE x 75 o« INFZIRORIEE R RE 5 (1) RIAE y 76 0 IS ZIBO RIS s W R B a, < O AR«
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Horby x(e) NMHE x 78 ¢ WEZIFI R B 5 v (¢) IFRRE y 76 N2 FVIERTE; &%r, >0, 1, >0,
a, >0,e>0,1>0¥RHEH, HE >0 ME _AFERRRKIMEENE; 0 > 0 HIHEHZ A AH
AR, ACELEUE T EE Z BT TIE N T REMRFAER T, A7, Rife
PERA i e e, UATE F AR A A RE ] 19 0C R 2 LU IR B 241, 2lokE iy P AP OC R R AR MEAETE
Mo ZERG (1) MRS (2) , BHEL TEARAGIERRAMMECRN =FMMHE - SRS
ARG, AT .

x,(t) = x,(t)[r, —a,x,(t) +apx,(1)],

%, (1) =20, (1) [r, = anx, (1) —ay(t) ], (3)

y(t) = y(0) iry =By(0)/[k +x,(1) ]
Hr, x, (), w, () Fly(e) BRIFRRFRE x, , x, Ay 76 ¢ BEZIFEEERE; r, > 0(0 = 1,2,3) Fnpp
BN EDER R, 0, >0, ay > 0FIB > 0 53 HIFRIRFIREIN R BRI REL a), > 0 FIRFIHE o, XTFIRE
x, IR REG b > 0 BRI EE MR KRS E,

1 &% (3) BHBRHE
FE 1 SWNTRSE (3) WAEMWIAE x, (1,) >0, x,(1,) >0, y(1,) > 0 #WST, WRTHAT =
R X(t) = (x,(t) , 2,(t),y()) , ¥Hx,(t) >0, x,(2) >0, y(1) >0XFAERE + =0 WL,
R XTRSE (3) Wiy =G Jr FR A2 A W [R] B BORR 345

x, (1) = xl(to)exp{jj [71 —a,x,(7) +alzxz(7)1d7} ,

%, (1) = xz(to)exp{ﬁ [r, —ayx, (1) —ay(7) ldr}, (4)

y(0) = y(texpl | Ly =By (r)/(h +x,(7) Tdr] .

FZE (4) PE -, BT () >0, exp%f: (r, —a,x,(7) +a,x,(7)]dr} >0, FFLL, X
FAEZ =0, A, (1) >0, R, B (4) B AL =X v, (1) >0, y(1) >0
WML, UEEE,

FEIE2 A X(1) = (x,(1),%,(1),y(t)) NRE (3) WAEEM, WS  TXRMIEFE M, M, ,
M, , 150 <x, (1) <M, ,0 <x,(t) <M, ,0 < y(t) < M, 7,

iEBl FERG (3) PRHE A%, HEH 1 M y() >0, HEAHa >0, May(t) >0,
A %, (1) (ry = aypx, (1) —ay (1)) <, (1) (ry —apx, (1)) WL, WIRMEHESCER [8] M LA RS

{U<t) =v(1)(r, —ayv(t)), (5)
v(t,) =x2<t0)o
X (5) KA nIAE

v(t) = ru(ty)/Layv(ty) + (r, —anv(ty) )exp(=ryt) ], (6)

Mt — oo B, X2 (6) Pkl BRFR , ﬁ}i{g v(t) =r/ay , M, =r,/ay, , RAFET, >0,
Mo> T B, i HEOE BRAA
x,(t) < M, (7)
Ry
FIERGE (3) PR —NFEROFB AR (7) W5 2, (D) [r —ayx, (1) +apx, (1) ] <x, (1) [r, -
ayx, (1) +ry/ay |, RS (5) WIS LR SE
{u(t) =u(t)[r, —a,u(t) +r,/a,],

u“o) = xl(to)o

(8)
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X (8) RMEAIAR: u(t) = (r, + apry/ay)u(ty)/[a,u(ty) + (r, +a,ry/ay —a,u(ty))exp(—rt —
apry/aynt) |, Mt— oo B, XJ P [R] A O BR Eﬁ%}i&lu(t} = (ayr, +ayry)/(a,ay) , &M, =
(aypr, +a,r,)/(a,ay) , BWAFET, >0, XMt > T, B, A« (1) < M, 7,
FBIERG (3) P 3 MEATHE RS (7)), Ay () (ry =By(0)/(k +x,(8))) < y(8) (r; =
By(1)/(k +ry/ay)) , 53 (5) M, WG LRSS
o(t) =w(t)[r, -Bo(t)/(k+ry/a,)],
w(ty) = y(ty)o
X (9) KNS 0(1) = ryo(ty)/[Bo(ty)/(k+r,/ay) + (r; =Bw(ty)/(k+r,/ay))exp( —r,t) ],
M — oo W, X b 2 1 [E] IO R A im o (1) = (ryapk +r,)/(auB) , LMy = (ryapk +
r)/(apB) , WIAFTET, >0, M > Ty, A y(1) < My Bor, FRIGER ATHIO < x, (1) < M, ,
0 <x,(t) <M, ,0 <y(t) <M, ¥Ir, UEke,

(9)

2 TFESHBRIREKE

WAERGE (3) G HA T AR FHEE, 735108 0(0,0,0) , A0, (ryB — arsk)/(ary +apP),
(ryry + rank)/(ary + apB)) , B(r/a,,0,rk/B) , C((ayr, + apr,)/aay,,1,/a,,0) , D(0,0,
rk/B), E(0,r,/a,,,0) , F(r,/a, ,0,0) . 2B > ar,k i, &5 (3) HIEFHEE G(x, 5, ,y") TFIE
HMg—, H:x" = r/a, +a,(nB -ark)/(ar, +apB) ,x, = (B -ark)/(ar; +a,B) ,y" =
(ryry + aprsk)/(ar; + aypB) o

EE3 1) RE (3) WL 0 RARERLG N, S C s — D gRE e —1r—
PEATETIC S, P E M F 308 — > —EFa e AT Fl— A AT WP 1 %
M 2) HnB > ark , PES ARG D BO0E — A —HERE TP A — A YRR E T B0k
M, PSS B AR E AR ERE M — 4R e B R 3) M B < ark, PAFE D
HALE — A —HEATEE W M — A Z4ERS e B A

ERR ARG (3) A iR o AOHE vE LU

r—2a,x, + a,x, a,%, 0

A = 0 r, —2a,%, —ay - ax, o (10)

0 By’ / (k +2x,)* 1y —2By/(k +x,)

F X (10) AT HXT R A REIE 7 R

A =1 +2a,x, —a,x, - apx, 0

AE -A|= 0 A =1, +2a5,%, +ay ax, o (11)
0 -By/ (k +x,)° A—ry +2By/(k +x,)
1) RIS (1) SIET0E 0 I FLY
A-r 0 0
IAE-A|=| 0 A-r, 0 |=0, (12)
0 0  A-r

R (12) WfFA, =1, > 00 =1,2,3) , WFAEZS 0 RATRE ML R, FH, aIARFEEs ¢ %R
FEAETT RN -

A+ +apr/ay = ay(ayr, +a,r,)/(a)ay) 0
|AE -A| = 0 A+, ar,/a,, | =0, (13)
0 A -1y
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KA (13) A[45: A, = -1, —apr/ay <0, A, ==1, <0, A, =r, >0, WFHEHECHEE—N
YRS WIE— D — AT WL R, FIBE, AT-P A E X R RHE DT 2N -

A—r —ra,/a, 0 0
‘/\E_A‘: 0 A+r, ar/ay,| =0, (14)
0 -rn/B A+

KRR (14) AIA5: A, =1 +nap/ay , Ay + Ay == (1, +13) , ALA, = ryry + aryra/(a,B) , B4R
Ay >0, A, A, <0, 0,4, >0, WA, FLA, BREL, FrDRPEES E NS —A>—4EAFRE g Al
— P THERE RIS MBS SEARES F O — AR E B A — A AR E RIE Y

XFF2) . 3) PR ESTEERIER S 1) KRL, tabamk,

B4 B <anklf, REG (4) KPS CRRIREN,

ER ARE (11) BRSPS C X ARFAE ek -

A+ —a,r/ay 0
AE -A|= 0 A =1, +ark/B 0 =0, (15)
0 - /B A+,

KA (15) WA, ==r, <0, A, =r, —arsk/B, Ay =-1, <0, HHEr,B > ar,kBf, A, >0,
M-8 € L& — D —HEARE RIE A — 4R E W F T A M B < argk I, A, <0, T
RS C R RTFRETE R E Y

SIZE 1% (Hurwitz H138)  ZIEZWA A" + a A" a7 ke va, A +a, =0, AR

a, az Gy
I a, - ay,

BAAIMMABELEMZE . H, = |0 1 - ay,|>0,k=12,n, Hf;j>nif, #hseX
0O 0 - a,

a; = 0,
EFES B> arnkil, RE (3) MIEEHES G(x 6, ,v") JEJRERHHLRRERN
iE A o IE P AN G(x g yT) XN R REME T R N |AE-A =

A+ +apx, —a,(r, +ayx, )/a, 0
0 A =1, +r0h/B + (2ay + ary/B)x,  axy | = A0+ [r 415+ (ay +ay)x, JAT +
0 - ri/ﬁ A+

A (ry +apn) ) (ry +apx, ) +r,ry —akri/B] + (r, +aypx, ) (ryry —akri/B) =0, ¥ r,8 > ark B, 4
A=r +a,y, >0,B=r, +a,y, >0,C =r,r, —akrs/B >0, WHEMITE M. a, =A+B >0,

a; a;
= aa, - a; =

a,=AB +C >0 ,a, =AC >0, #MWMH =a =A+B >0,H, =

1 aq

a, a; O
A’B +AB’ +BC >0 ,H, = |1 a, 0 |=AC(A’B+AB’ +BC) >0, NWARYESIH 1 Af%1, IE-Ffr
0 a a;

B G(x ,xy ,y") FIXERARFIEAR YA G50, B ISP 2 SR i AR e 1
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3 FEESHERmEREEN

EE6 HrB<ark,m=By"/(ak’) >0 ,n =ka/B >0, &G (3) WHAFHEC(r/a,,,
0,r,k/B) T R; 2R n,

ERR ZEICHR (9], 78 Ry BAGIEHES I R KA V(v v, ,y) = ) — 2] —aIn (x/x]) +
mx,/2 4y -y =y In (y/y") , HHEEm >0, V(x, ,x,,y) MIEEHETS W, HERS% (3) ¥
VRSBV = (2, -2, ) (1, —a,x, +apn,) +ma,(ry —apx, —ay) + (y =y )r = 1/(k+x,)] =
(x, =2 ) [ —a, (2, —x) +apx,] +m[r —aypx, —ay —n(ry =By /k)] —kB (y —y" ) /k(k +x,) +
By x,(y =y V/k(k +x,) , HhHEEn >0, B:V<-[a,(x —x] )" —apx,(x, =% ) + manx’] +
m(r, —nry)x, — kB (y =y ) /[k(k +x,)] + max,( = ay +nBy"/k) + By x,(y =y )/, ¥ m =
By /(ak®), n = ka/BICA L2, WA

mx,(—ay +nBy /k) +By x,(y =y /K =0,m(r, —nry)x, <0 (16)
W7, H5 R

ay (2, =2 )" = apx, (2, - &) + maya; (17)
FEIEEM,
Ha (16) FIxt (17) nI1% V(xl,xz,y) <0, BHAUHYx, =r/a, ,x, =0,y = rk/BIESHL
3o MRS (3) WA TFHE C(r,/a,, ,0,rk/B) 2 RETTEEN
FIET7 A =1/(k+r/ay) >0,B=By"/a >0, 48> arkil, R4 (3) MIEFHE
G<x]* ,x; 93’*) Tf R3+ L%é%{ﬁj&*ﬁiﬂgo
iEBl %k [10 - 1], 78 R} LM &M S REE. V(v ,2,y) = A(x, - & -
w0 (n/x)) + B (W) [1/(k +55) = 1/(k+x,) 1, + [ (y =y ) /ydy, BHIX Vi, #,
% —x —x'In (x,/x") >0 (18)

e B Xﬁfl(l/xz)[v(mx;) (k) e, M, > B, A (k4 ) > U/ (k+x,),
B fi(l/xz)[l/(k ) =1/ (k+x)]de, >0, Mx, <x) B, H1/(k+x)) < 1/(k+x,) , 75
LR f:*(l/xz)[l/(k vx)) — U (k+x) )de, >0, BN TALEN x, # 2 , £

J’:*(l/xz)[l/(k+x2*) —1/(k +x,)]dx, >0 (19)
WRSE, AT [y =y ) /pdy  SHEIEFIREATIXE T IR y # 5", iU

f;(y—y*)/ydy >0 (20)

T, MRS (18)— 3K(20) 1 V(x, ,x,,y) SIEEML X V(x, ,x,,y) INE B (3) KA SHA +

V= A(1 —x /x ), (r, —a %, +a,x,) + (B/xz)[l/(k +a, ) = 1/(k+x,)](r, —ayx, —ay) + (y -

vy =B/ (k+x,)] = A1 —x, " /x)x, [ (r, = ayx, +apx,) — (r, —ayx, +apx, )] + (B/x,)[1/(k +

2y ) =1/ (k+2,) ][ (ry = apw, —ay) = (1, —apnx, —ay” )]+ (y =y ) {lry =By/(k+2x,)] = [r; -
By /(k+x7 )]t .

HE— RIS, Vo= A(x, -2 ) [ —ay (%) —x)) +ap(x, =27 )] + B[ (xy =, )/ (k + 2, ) (k +

%) [ =apn(x, —n ) —aly =y )]+ (y =y ) [By /(k+x,) =By/(k+x,)] = =Aa; (x, -2 )" +
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Aa, (%, =%, ) (x, =%, ) =Bay, (x, =2, )2 /[ (k+x, ) (k+x,)] =Ba(x, —x, )(y =y )/[(k+x, ) (k+
) ]+ By (e = ) (y =y )/ Lk +x )(k+x) ] =Bk+x) (y =y )/ [(h+x ) (k+x,)], 5
W a, (2, =2, ) —ap(x, =2 ) (2, =2, ) + (By /) ay, (x, —x, )2/ (k +x, ) FIEER), WHL
A=1/(k+r/ay) ,B =By /a, B

—Aa, (x, -2 )? +Aa,(x, —x)(x, =%, ) = Bay, (x, =2, ) /[ (k+x ) (k+x,)] <
—[1/(k +ry/ay) Jla, (2, —x)" —a,(x, —x)(x, =2, ) + Bay, (x, —x, ) /(k+x,)] <0 (21)
mor, H
Ba(x, =2, ) (y =y )/[(k+x ) (k+2)] =By (%, =2, ) (y =y )/[(k+x ) (k+x)] =0 (22)
Wor, i (21) R (22) ATH V(x, ,x,y) <O, MHANY x, =5 5, = a5,y =y  BIESWT,
Wik, &5 (3) WIEFES G(x) ,x, ,y ") RERETILIEE K

4 HEEM

AR T — D EAWMAGERRAME RN =M E - SRS, HPRHE x, XFREE «,
EIREN, WEREHN a, , LHRFRE o, XTI x, AR y BTEREMW, BT LR B R a, O FREE

SO o CYFPHRE o, RKAENT, B RE @, MR, FRHE o Rt la A, DUIASEARY A0 Atk B p
itﬂ%zeo RZ, WA, EREXRT, AXEBEMEWMTLEER. 1) 4B > ank i, RS
(3) FEAEME— B IEFHA G(x) e, Ly ") HIRRREHLRER; i) M rB < ank B, RS (3) NMETE
B, MRS C(r/a,,,0,rk/B) 4 RBHEREE R

WIS HERHCREAE RS (3) S5 RMIERE, (TS 4 DMIME: ,(0) =1,x,(0) =2,5(0) =
3;2(0) =4 ,x,(0) =1,y(0) =6;%(0) =6,x(0) =6,y(0) =5;%,(0) =3,x,(0) =5,
y(0) =1, 2RG (3) PSS HBUEN r, =4 ,1, =6 ,7;, =2 ,a, =1 ,a, =0.1,a, =0.2,
a=03,8=0.5k=1, B8RrB > arklor, WA (4.34,3.43,9.87) B2t
ER), W,

LRGE (3) RESEEUE DN . r, =4, =4, =6,a,=1,a,=0.1,a, =0.1,
1,8=1,k=1, BB < ark T, ﬁtﬁj‘ 5”%%@1*7@ (4,0,6) &2 JmdnLtaEny, 'ﬂlz‘lz

xy(1)

VR MR 1—0 M R (1,2,3) R4 s ih 2 2—H0 i (3,1,4) 191 51
2R Mk 3—WIME R (4,1,6) RUMRELL ; Lk 4—WIME 4 (6,6,5) MIfRELZ .,

Notes:1—the solution trajectory for initial value condition (1,2,3);2—the solution
trajectory for initial value condition (3,1,4);3—the solution trajectory for initial
value condition (4,1,6);4—the solution trajectory for initial value condition (6,6,5).

1 EFESGHERMERENE
Fig.1 The global asymptotic stability of the positive equilibrium G
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4
x5(1)
VLI L 4 1—IME N (6,6,5) M FR B ; th 28 2—I i b (1,2,3) 1 1 L
gk 3—HIMH N (3,1,4) R 4k 4—HIMH 0 (4,1,6) R,

Notes:1—the solution trajectory for initial value condition (6,6,5);2—the solution

g B x1(1)

trajectory for initial value condition (1,2,3);3—the solution trajectory for initial
value condition (3,1,4);4—the solution trajectory for initial value condition (4,1,6).

B2 BWRFHSCHERIEREY
Fig.2 The global asymptotic stability of the bounded equilibrium C
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