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An Epidemic Model of the Trojan Virus Propagation

Based on Fractional Differential Equations
YE Xingyang
(School of Science, Jimei University, Xiamen 361021, China)

Abstract: In this paper, an epidemic model of trojan virus based on the fractional differential equation was
studied. By means of the theory of fractional differential equations, the existence and uniqueness of the positive
solution were established, then the existence and stability condition of the equilibrium of the model were ana-
lyzed. It was showed that if the basic reproduction number is less than 1, the infection free equilibrium is local-
ly asymptotically stable, virus will die out, and if the basic reproductive number is greater than 1, the infection
equilibrium is stable and the virus will spread. Some numerical experiments are carried out to confirm the ob-
tained results. In addition, some effective measures are given to control the spread of the trojan virus.

Keywords: trojan virus; fractional differential equation; equilibrium point; stability; propagation

0 BIE

IS5 15 S04 0 P2 G DR SR 330 G, 3 22 2 DR T AT — Rttt AR
FEAE B T 58 %4, SRR L, AR DR Dk Ak Ty
S LT AR TE R T B T P IR eh , — ELF P i R 7 ARG A0 I sl e e, AR
SRIFUAEAT, SRJF AT (s, TSI ST IRV F 10, BRI, BRSO This R 0 e B LA
T4 A Rl R e A 380, AR B A B L,

BT R U755 2 W 75 i AL, PR, T L T 22 B F AT 2 MR S BF 5 L

[WFsHHEI] 2018 =03 -30
[(HE&THE] RE8 ARBERE4TH (2016J05012, 2017J01557) ; MBS E/TH FFH (JT180262)
[fEERNT] AR (1982—), 4, ®I#EIR, M EHCA A YT T, E-mail ; yexingyang@ jmu. edu. cn

http : /xuebaobangong. jmu. edu. cn/zkb



- 146 - FFRR A (HARBERRD 524 %

TR R, X7 A KR AR AR Y i, Semk (1 -2] R T I
SIRS A5, SCHK [3 -4] #F5C 7 HA WK SEIR #EAL, SR, LR ix Semroy 5 a0 2 35 T8
B il oy 7 AR

L4k, T2 gBU GO E R B, B R o OB — RS R  BEA 3L
By T R AR, R RO BRI SE PR O, BEXS AR ) R GEREAT O AR BUR A RIS, R
Z RIS AT R S B A e AR R 2 10 SR, I DG SR % A P 3 B 75 e A R ke B
R R EREGOL . MH., S8 Ty RRAEOE R — S A O IC i fE | BB, S Bubh R M
PP B A LEBA T AR A S AR SRRl b A S O S P R BT, AR
FIRMITITPR EHLA T, (A T DRSO . o7 BOEMh & i SCPF, B e gl i 2401
2 PR RERY T R S I 7 BT e s AR B 1 8 A o B ) ol 48 42 A RV LA A 10 HIO
&, MU R A2 R MRS 3 B 3 o0 J7 e BE B ME R M il iR R B R A IX A R Y RO R .
I, S A G B el T R A BT SR B R A AR LA

1 KROREEERER

M T AR R — BRI P ik, WA NS 20 RE, PR S 2 L B R, 2T
1, RAEAR SRR N AT RN P A 3 R 1) 5EE S, f8 MR DT A
ATRERRGYR R R, AR ¢ P ZUHBORAE N S(0) 5 2) GEE 1, RO SRR SRR, 5
WZIHBARIC R 1(e) 5 3) WEH R, WHAREEA SRR IR, 75 ¢ i 2 80 IE
R(t) o REFREETEIHEHLE B RE R LA 1 s,

By o ZIE AR GERTH R PR s o F8 5 B8 TR 2R AR Sy T N S e 9 HL
Bl B WG, HRMRTE—EME N, 5 B D i ‘

uS
ARG TG RS, o iR A8
B HSTHLAKCR BST ; £ TRl AR ﬂﬂ.QP ¢ P
&S Kl

HRAHUEAT R B S TAN T BT AR G0 IR A5 7K A

SREERI LB, BN P A CH TR S,

AREJRBEAHFE IR, I ¢ 206 « Hedley P 5 1 ADESEETRERS

J@@%\ ’E’Z%%\ RIEEL RS, *ETELJL{E%&, i Fig.1 The propagation process of trojan virus

SEANTR B E g B A% 4 A RE B T 00 T REARE Y

dS/dt =y — BSI — uS - kS,

di/de = BSI - &I - «l, (1)

dR/dt = uS + &I — kR,

SR [11] myJrs, 7EBRL (1) AYBERE bS5l A2, AH8IaT i 20 BB i o Jr Femis .
(Dﬁ—f—ﬁﬂ—wﬁwﬂi

kR

‘DT = BSI - (&% + k)1, (2)
‘DR = u°S + €1 - k"R,
Hep DY(0 < a < 1) F/R a B Caputo SR SR

2 B AEFRERME—4

SREBATT S5, TR R LS,

SIFE 117 (X EER) B f(1) e Cla,b], HDfe Cla,b], 0 <a<1, A f(1) =
fla) + D)) (1 —a)*/T(a), HPa<{<t,Yie (a,b],

http : /xuebaobangong. jmu. edu. cn/zkb



52 1] AR . T RO o T R R B R AL R AL - 147 -

SIE 2 BWu(e) £ [1,,00) LRSS, HRE Diu(t) <-nu(t) +w,ulty) =u, , Hh
0 <a<l,(n,w) e R p#0, t, HFIGEIZ], WA u(r) < (u, —o/ME[-7n(t-1)"] +w/n,
XHE (2) EECN a ) Mittag-Leffler A& |

ST B SERR R X, FOCHME AR . A A EE—E, IR = v e R 2 =0} H
x(t) = (S(),1(t),R(t))"

NS R,

EE 1 B (2) Fra N R RN IR 30 A,

iERR e =0 RF, S(1) =0, BARIEM S(1) =0,YV:i=0, B S(t) =0,V =0 N7,
WAFEFE L, >0, iS40 <t < ¢, B, S(t) >0, H¢ =, B, S(t) =0, 8¢ >, B, S(t) <0,

MR (2) WE— AR DS, =y* >0, HEIFELAA, S() >0, XHREIE
B>, A S() <OFE, TEMEEM =0, #4 SG) =0, HFERERITETLEEY . WE
B =0#E 1(t) =0,R(¢) =0, FHEEIABA (2) JEGIEN—B0H 71,

#X (2) qJEAit?*HJJDT?%”D“N =y — kN, K, N(t) = S(1) +I(t) +R(t), 5|32 H,
N(t) < (N(0) —y*/k)E[ - k"] + y*/k" . Tzeéltﬁoo B N() —y*/k*, HO < N(t) < y/k°,
R, #R (2) IR tHﬁ;zE’Jﬁ?%‘liu?Eiajm_ [(S,I,R) e R| S+1+Rsy“/;< +e,Ye >0 M,

EE2 B (2) £ R, FAFAEME—fE,

IERR MREERE 1, HWAEXE 2 N5 MM —, i X = (S,I,R),X = (S,I,R), %I&
W H(X) = (H,(X),H,(X),H,(X)), Hrf

H (X) =y* =B*SI - (u* +«")S,
H,(X) = B*SI — (& + k™)1, (3)
H,(X) =pu“S + &1 - k°R,
VX, X e 2, i (3) w14
[H(X) - H(X)[|= |H (X) - H (X) |+ [H,(X) - H,(X) [+ [H,(X) - H,(X) |
= | =B(SI=SI) = (u* +&")(S=8) [+ |B(SI=SI) = (& +«*)(I-1) [+
n*(S=8) +&(I-1) —k"(R-R) |
<2B%|SI-SI|+ (2p" +k*)|S -S|+ (26" +k“) | -I|+K"|R - R|
= 2B%|SI - SI + SI - SI|+ (2" + k*) |S - S|+ (2&" + k*) [I - 1|+ k" |R - R|
< (2u" + k" +2ﬁ1)\s S|+ (26" + k" +2B°S) |1 - 1|+ k" |R - R|
S (2u* + k" +2B° (Y /K" +&)) S -S|+ (28" + k" +2B°(v*/k" + &))
[T -1|+«&"|R-R]
< L|[(S,1,R) - (S,LR)|<L|x - X],
Hd L = max{2u® + k% +2B°(y*/Kk* + &) 26 + k" +2B%(y*/k* + &) ,k*} . W, H(X) fER} L
& Lipschitz 251, fi3cik [15] HagEREs. 11 Af%, 8 (2) 7E RS FAA7EME—f#,

3 FES

‘DS =0,
BOEABAERR = By /[ (€ + %) (0" + k)] o 2 DT = 0, B RHAT, nTHEE (2)
= O’

A R EIATAENS DL
B3 HR, < 1, BE (2) AME——DREGCFHEA E, (v /(0 + &%) ,0,u /[ (n" +

http : /xuebaobangong. jmu. edu. cn/zkb



- 148 - FFRR A (HARBERRD 524 %

K*)), MRy > 1 B, BHIER T — ARG LB, Ab, A — DY  E, (ST, 17 ,R™) , Hrp
ST = (& + k)BT = [BYY - (€ + k") (" + k%) J/(B(E +K%)) = (0" + k") (R, - 1)/B",
R* =(u'S” + &1 ) /",
EE4 MR, < 1B, RE (2) WIHVHSE, RESEHETEE, MR, > 1 I, E, AE,
R RS (2) 7E E, 4b19 Jacobian HEFE N .

J(E,) = 0 By / (u® + k™) — (€% + k) 0l (4)

2R Jacobian 2/ J(E,) MFTA R R 5 |arg(A) | > am/2 , IRARIEY T 5 E, JE#iiT
BN, BYRGT(E) WITAREER A, = -k <0, A, = (k" +u%) <0, A, =LY/ (u* +k*) -
(& +K%) = (£ +k)(Ry-1), . B, MR, < 1B, Ay <0, TR, J(E,) WA KRR K 515
B, WIZEME [arg(A,) | > am/2,i = 1,232, KRG E, ZREHHEREN; 4R, >1 i,
Ay >0, KRIBRYOPAT G B, ARE

EES5 4R, > 10, RG (2) WHIIME S E, REEHERE .

=B - (u+KY) = (& +KY) 0
R &% (2) fEE. 4 Jacobian S5 K. J(E,) = B 0 0=
MCI ga _K(X
- (u" + K")R, - (& + k%) 0
(" + k) (R, - 1) 0 0 |- NTTJ(E, ) BIFFIETTREN «
MCY f(l _KOt
(A +K)[A% + (1 + K)RA + (£ + k") (u* + k") (R, - 1)] =0, (5)

B, = -k <O R J(E,) W—MEEE, J(E,) B PANRIEME A, F1A, A + (u +
KORA +(E° + k%) (u* + k) (Ry = 1) =0 MR, HFREHAAL A, + Ay =- (0 +&)R) <0, A1, =
(E° + k™) (u* +Kk*)(Ry - 1) o MR, > 1, AN >0, T&, J(E,) BFTABRMEES A ASSE, M
MM [arg(A,) | > em/2,i = 1,2 32, BY-PAS E, 2R RE R .

4 HERR
AR (2) ERERCDR AR P45 RS2 PERS UL BUE IR S(0) = 40,
1(0) =5,R(0) =10,

Bl ERSHy =60,8=0.05u = 1 o AREREER (2) WEAEEHMFESR
0.0,k =0.1,£ =0.02, £1IHET a = Tab.1 The basic reproduction number and
1.0.8.0.6.0.5 I AH I 4 5L A< 4 %% R equilibriums of model (2) for several a

Al s e I > 0
RRYT5 E, RURQT a8 B, o e @ L E.

FES 1, 1 PRI B R A 1 227.27  (545.45,0,54.545) (2.4,497.8,99.8)
"~ 0.8 64.859 144.09,0,22.836 2.2216,128.81,35.896

Jjﬁ%ﬁm fElE 2 izl TR (2) E@ﬁf 0.6 17.735 §37.117,o,9.3233; E2.0928,31.738,12.609§
FEHHLIEUE’\JEE’%T%?&E, I 2 EPHILJEH;', 1 0.5 9.0928 (18.61,0,5.885) (2.0467,15.064,7.3841)
Al (2) BRI TGS E

B2 EHESEy =60,8=0.001,u =0.09,k =0.2,£ =0.1, o = 0.6 F 0.8 W, i@itiE
AIASHAHR AP AE O Ry = 0.474 54,0. 575, HERE 4 F1, B8 (2) HARLEME—FRE i AR IR 7
M, B3 TR (2) BIMRERE A LIE N, E 3 T LIE Y, B (2) M 2lisl
TR E,

http : /xuebaobangong. jmu. edu. cn/zkb



52 1] MW . BT R 7 R AR S s R AL - 149 -

g 0P g e S0 =201 ey
~ ~ S(1)
% 400 == =Rl o ' 1)
2 350 =100 T T TR0
E 300 —a«:
E E 801
Z 250 z
% 00 E 60|
= 150 = 400 i
100 aeeeeccccccccccccecaaanas = i
- ,’ '\L v
“©r 50 ¢ kel 20 (’
0k ok - -
0 50 100 150 200 250 300 0 50 100 150 200 250 300
t t
a) a=1 b) a=0.8
40 !' 60
( ----- NO)
= = I
~ 33 ~ 50+ L -152)
Z 30¢ a
= == S| ©
g o5t . 1((;)) £ 407
= ===R(r) =
£ E |
Zz 20° < 30
i s} i
ﬁ e i i e ﬁ 20 i
Rung | Rung
< 10} <
~ ] ~ O R R o e e e
wn 5 " wn |
0 .t
0 20 40 60 80 100 120 140 160 180200 0 50 100 150 200 250 300
t t
c) a=0.6 d) a=0.5
B2 61 pER(2)NEER
Fig.2 Numerical solutions of model (2) in example 1
40 70
----- N
<35 1(5[) = 60t " =
=~ == =R(1) ~ OV 7 ====== 5(1)
Z30 2 0 10)
‘ =50 mm s R
Z25h 2
2 N Z40
20 TTSrmememees B = I
iz B30 _--=-""""°""7"7TTTT
= e =0 b
<10t SO
=~ ~
v ogl s 10
oL — : : e
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
! t
a) a=0.6 b) a=0.8
B3 62 FhiEs(2)MEER
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