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Pythagorean Fuzzy Nonlinear Programming Model and

Its Application to Group Decision Making

ZHU Dungan
(School of Science, Jimei University, Xiamen 361021, China)

Abstract: In view of the superiority and extensiveness of Pythagorean fuzzy numbers in the application
field, a Pythagorean fuzzy nonlinear programming model was presented, and its application in fuzzy multi-attrib-
ute group decision making was studied. Firstly, a group decision expert weight model and attribute weight model
based on Pythagorean fuzzy nonlinear programming were proposed. Then, a fuzzy multi-attribute group decision
making method based on Pythagorean fuzzy nonlinear programming model was presented. Finally, the aircraft
type selection was taken as an example to illustrate the feasibility and effectiveness of the new method.
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1965 4F, Zadeh"' pyyRIEHBIIEHE . DICHIERT, MIOCHEWBIET T — 220k, H
e ELAR R (4 2 BB A ) R Pythagorean BUMIAE")  YEBUA () Z @ PP sk m i rp, s 3 5t 4%
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T 1, s R R BUEE YK, AR E IO B B P B 2R B%E . Pythagorean BRI 4
PO Z N TS A PP | B9 RN L R BT IS A5 I

HHT, 3&F Pythagorean B4R PSR 7 L AH 9T © G HUS T — S F 98 il 2R . X1 00 2570 5 S
T Pythagorean BURIEL A28 X iz Bk 0], FE42 H JLFP Pythagorean BUMI{5 B4 5T F13E T Pythago-
rean P22 SURZ I 45 08 T D sk ;. TIESES R Pythagorean U] 35 T 19 22 Ja P pe 55 [n) AT
$ i Pythagorean B MACT- Y5 DRI IR F A EEACMERT, JHE AR T PFPWA 1 AyfiFk
W, HREU ERE 2 2T ENE TR IE, M TERETAXENZE, Ko 510
BERE R, BUE RIS BT RS, BT, RSO Pythagorean BRI 4E 5 i (AL #H1E
S G, WD A EWDT T EE, D R 2 B DA 45 5 S ORGH

TEZBIERF R b, ROATREZIEZ NS IIEM AR D, 8 07 B0 e P 3R I AH DCALE
SR 5 PR B RSN T PP 05 i A5 S AR i Oy AR BN B YR E B, B ATERF o el
W B E R AR AR JE M B SCHk [9 - 1] PRI E B EUAGE A MACE &, A
T e RREACE R UM SCER [12] 25 4 De sk o8 E WA RN 20 LA R 4 G Sl D SR Y e ¢
MR, HRZEIERE SR R 5 — A EZ Ry m N 22w EAE e . B ERCGEF B
SR BB BB, AORAIACTERE |y R ek | FEE Y A, T
VR B 28 R DA B GRAE R SE AR TR R BR 1, 2 B0 E I gk AR B a1y, AL
X SE JR PERCE A R E T AN R LU RIZ S )R, (AR T RO PN 1) 22 JE PR DR OR
[R]EURLA T 3R B 58 B A 7 1)

ARSCFEWIFEAE Pythagorean B T 1) 2 JE PERFR R )AL, 421 T —MEET Pythagorean SURIE
LEPERLR B0 2 JE MR SR T v ﬁfiﬁ, SIARTFHRI R —FR S U%Z]Sffﬂ/’fﬁ, /E\:(QL’\, EFXT Pythagorean TECRM
JELMRRN 22 JE TR R I, 25 PR B DS AR I 2 WA BB 2 7, [A]I 45 Y Pythagorean
BRI Bfm, DA A alpU IO 57, SEBReTE A A T A e

1 EAEE

EX M X i, X FIEWA = [ (xou, () | v e X} BTN X Ei—ASHO
g, Hp,(x) e [0,1], BRELFRBFTANEE, FARFEEE, ILa = u, H—BHIE (FN),

EX 2P B X N—idk, X FRAA = { (v, (2) v, (x)) | x € X} BI=JCABERR N X E—A

T, Hbu,(x) € [0,1] ,v,(x) € [0,1], Hu,(x) +v,(x) <1 p,(x) HHEBEE, v,(x)
NAERIBE, 2 mi(x) =1 -p,(x) —v, (%) , W, (x) WRBE, 87, (x) €[0,1], ila = (u,,
v,) A—AHEBME (IFN),

X3P WX N8I, X EIEA = { (x,u, (2) v, (2)) | x € X} BI=J0AHEBRR R X _ERY—4
BB, Hrhu,(v) e [0,1],v,(x) € [0,1], Hp,*(x) +v,°(x) <1 ,u,(x) FARIBE,
v (x) FRAAERIERE , &7 (x) = /1 —ui(x) —vi(x) , BRm,(x) WIREE, HA 7,(x) € [0,1],
iLa = (u,,v,) H—" Pythagorean BRI%L (PFN)

EX 4% % a,a,,a, 93 A Pythagorean BEHIE, A H—F8, WAUTFTERNL: 1) e, Da, =
(B, + Moy = Bale, V) 3 2) @) @ ay = (g, Vi +ve, —vavy) 5 3) Aa = (/1= (1 -pp)",
v,)i4) at = (i, /1= (1 =v)") 5 5)a = (v,.m,) o

EX 5" B a,,a, WP Pythagorean BOMIE, HIFE M E XN d(a, ,a,) = (lpd = [+
vy, —vi, |+ [ -, 1) /20

EX 67 ¥ a h— Pythagorean A%, WIHAR P RECE X N s(a) =u —v2 5 KIRECE X
H:h(a) ZMi +va0
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EIE 1P % a,,a, WP Pythagorean BHI%L, . 1) s(a,) >s(a,) , Wa, >a,; 2) s(a,) =
3(02) , A %h<a1) > h(az) , mua] > a, ; %h<a1) = h(”z) , mual =00

2 ETF Pythagorean HRHAIEL MR R A B R RN EHRERE
X F—rER 2 JE R R T HE TR m B, BN P = {ppy,eup. | s BT EA
JBYEn A, IEH 0 = 1q,,q,, g, , HXANEERN 0 = {o,,0,, 0, , BlE o, e [0,

UG =1.20wm) o S = 15 A7 LRHH, EHE = leyuesoe] ORI ORI AT

1
W =lw w,, w0}, H#Ew, e [0,1]7(k=12,-0), Yw, =1,
k=1

RIS ] Pythagorean SO EUSMIR ST, QR o, KIPFNHEIES, = (s; (k) ) 0, (b = 1,2,
0, Hdrs, (k) ARGRIRRE e, X758 p, TEIRYE ¢, FRITFN, BUEGRBHAE o FIRSEFHRE W 5¢
SR, B i T R
RERAE e, IIPPIAERE S, = (s (B)) 0 (b = 1,2,-,1) BN R, = (r; (k) ), (b = 1,2,22,1),
SR R R B P EM A TRV EATAT AR S, T AR @ Pt B e, ORI AT, B
F ) = S (k) , 54570 ()
! (s; (b)) AT,
2.1 ETFIELKUEMIPBRARERNERTEED
XTHIRE e, e, , HUREREII BN w, ,w, , SETtEEPIDFEFEINALZ J5 X0 TC R F RS Z
RTFRIMA SR AE PRI S, 8o .

D(wR,,wR,) = z i d(wkrfjk) ,wsr;.” )6 (2)
ﬁi‘l‘ﬁﬂﬁlﬁ%%%ZfEﬂE‘Jﬁﬂﬂ%%%ﬁﬁiﬂﬁ%Z*ﬂ ioh

l

l m n
D, = Z ZD(w,le,wR ) = Z Z Z d(w,ﬂri(jk),w\‘_rfj"))O (3)
k=1 s>k k=1 s>k i=1 j=1
IR I SR A H RS R
1
l 1 m n w, = 1
min f = D, = 2 Zd(wkr,;“ ,wsri(j“)) R e ’ (4)
k=1 s>k i=1 j=1 w, Bo’k _ 1’2’ .’l’
/‘EF: W = {wl’wz’u‘ywl} o

T — P R B AR TR
XFUEE e ey, e, HHRKENEI NI w0, ,w,,+ w0, , FORKHERE R, ,R,, - R, IMBEK
., 15LEs &%%E%R— (7)o »

r; —wr”@-)w2 (2)@ @wr> Yi,j. (5)
ﬁﬁ%%ﬁ%%ﬁ%%%é&ﬁﬁ%mﬁ%ﬁﬁm?ﬁ%Zﬁ,ﬂﬁ:
= X D(R.R) = Z Z zdw r) @wor? @ @wril’) o (6)

Jr K g H bm ]

l

min f = D, = Z Z Z d(r“”) (.” @wzré.z) PP w,rfjl) ),s. t.

k=1 i=1 j=1

wk:19

(7)
w, =0,k =172, 1,
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?;EJ[;: W = {wl’w27”',w1} o
2.2 ETIELMEMNBERREENEHEEE

TERREBIREALE W = {w, ,w,, -0, | RO, WX (3) RGLEEGRRHEER |, 5
SRR R R PESI A2y, PR MEE RIS T = {1, ,0,,---,0,1 , Hop

l, = wry @wzrn@"'@wnrino (8)
PR G IR IR ) — B Y 528 RS X TR IR Z A, 18k
E = Zt Zd(ti’rij) = Z Zd<wlril D w,r, @ -+ @wnr[n’rij)o (9)
IS SR H AR LR
minf = E = i ." d(or, @, D Dw,r,,r;),s. t j=1wj =1 (10)
s w, =0,/ =12, ,n
/%[::w - %a)lst’.“’wné °

3 ETF Pythagorean HHAIE L LRI AU B IR R 7%

AR AR (1) BIREE o, WIFHAERE S, = (s0) (k= 1,2,-,0) BEHI R, =
(1§ ) e (b = 1,2,520) ,

B2, R (2) ~X (4) RBICSEEEMAE T W = {w,,0,,,w0,] o

AR 3 i (5), SRIFLEGUIRIEMER

B4, MR (8) ~x0 (10) KB FEBEBHENEUNENE 0 = {0, ,0,, 0,

S, i (8) HRZEREMIT = {1,,0,,--,1, 1, HRIEE L6 LEH 1 RIS T ENT
VL 7553 PR BSCRIRS Bff R AR

AR 6. HEFRIFEAL

4 LGSR
4.1 PREES

bt TR E 2P R is i, RENRMFBAES] TRZARE AR, JUH A ERARIFRER
A ALK, ZHRRENZS A4k, IR sk g, 7682 5007 2 5B TE 4 075 5
T, AAS 2 FRL A A JR ak AR AN T S S A A ) (R R R KL ML B R R, AL B A A A
A H BRI 2 —, B T A R AR TR AR, 0 H A AE — R RS E]
AR EHARE ST 5w g 1,

T A — e ST A B (DASA) XA ST ZS 2wl e ALY G5 R AT T 43 bt
5%, AN A AR HERE R AT s B AR br, ERAE . UthE, CCHLkRE, ERE, RO ER
WP, BEERE MATUCEIE I, XS BT ARA T %, IRE MATAT B, FEMias AT I XL
R i SRR 2R s A RIFEE AT UL BRI, AN 27 iR 2 X B A e B Y
Tty , BFTEMIRE LA SFFEPES MR, B, XHias 2wl UL R £ R B 58 T DU R 53 b
iR 5 R HIL Y 18 T P R R ) SR, I RERS 2R i s A w) Ok BE 2 Y4
4.2 LB

P e — s A FIHURIBE B I R, (B BLAEAS 3 LI P, P, Py AT LRAERE, 15X sepL A0 £
TEEES D MAYNE: 1) EFEE (Q,) 5 2) KHLERE (Q,) ;5 3) IR () 5 4) HHE
(Q,) 3 5) & (Qs) o Hri1Q,,0,,0,,0, ¥Rz mtE, HA Qs J8 TRAREM:, Bz A mlisiE
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T 3R K e e, e KNS 3 MHLEUAE 5 AT AT, 3 (1R 54 AR EM RN 1,

£1 EFe ,e,e, 5HA Pythagorean IEHTEM 5EFE S,
Tab. 1 Fuzzy evaluation matrix S, given by expert ¢, , ¢, , €,

LR Expert  HLI Type 0, 0, 0, 0, 0s
P, (0.9,0.1) (0.8,0.2) (0.8,0.2) (0.9,0.1) (0.4,0.5)
e P, (0.7,0.2) (0.9,0.2) (0.6,0.5) (0.8,0.1) (0.7,0.4)
P, (0.8,0.2) (0.9,0.1) (0.8,0.1) (0.8,0.3) (0.6,0.5)
P, (0.9,0.2) (0.8,0.2) (0.7,0.1) (0.9,0.1) (0.3,0.8)
e, P, (0.8,0.2) (0.9,0.1) (0.9,0.1) (0.7,0.4) (0.7,0.2)
P, (0.7,0.2) (0.9,0.1) (0.8,0.1) (0.9,0.2) (0.6,0.3)
P, (0.8,0.1) (0.8,0.1) (0.9,0.1) (0.8,0.2) (0.4,0.7)
e P, (0.9,0.2) (0.7,0.3) (0.8,0.1) (0.9,0.2) (0.7,0.3)
P, (0.9,0.1) (0.8,0.1) (0.8,0.1) (0.9,0.1) (0.6,0.4)

PR MR (1) 83 SR EKRWIETEN R EREAT R TR, AL S RPN AR
Mrinz2,
x2 EXKe,e,e HAEHITNERE R,
Tab.2 Normalized evaluation matrix R, of expert e, ,e,, 6,

LR Expert LA Type Q, ¢ ?s 0, s

P, (0.9,0.1,0.42) (0.8,0.2,0.57) (0.8,0.2,0.57) (0.9,0.1,0.42) (0.4,0.5,0.77)
(0.7,0.2,0.69) (0.9,0.2,0.39) (0.6,0.5,0.62) (0.8,0.1,0.59) (0.7,0.4,0.59)
(0.8,0.2,0.57) (0.9,0.1,0.42) (0.8,0.1,0.59) (0.8,0.3,0.52) (0.6,0.5,0.62)
(0.9,0.2,0.39) (0.8,0.2,0.57) (0.7,0.1,0.70) (0.9,0.1,0.42) (0.8,0.3,0.52)
(0.8,0.2,0.57) (0.9,0.1,0.42) (0.9,0.1,0.42) (0.7,0.4,0.59) (0.2,0.7,0.69)
(0.7,0.2,0.69) (0.9,0.1,0.42) (0.8,0.1,0.59) (0.9,0.2,0.39) (0.3,0.6,0.74)
(0.8,0.1,0.59) (0.8,0.1,0.59) (0.9,0.1,0.42) (0.8,0.2,0.57) (0.4,0.7,0.59)
(0.9,0.2,0.39) (0.7,0.3,0.65) (0.8,0.1,0.59) (0.9,0.2,0.39) (0.7,0.3,0.65)
(0.9,0.1,0.42) (0.8,0.1,0.59) (0.8,0.1,0.59) (0.9,0.1,0.42) (0.6,0.4,0.69)

€

)

w

€

w

€3

)

2 >2a > e ~ e ~ A > i ~ B

w

$H2 BHEL (2) ~X 4), BELTREWAEREZR: W = (0.3336,0.3333,0.3331) ,
YB3 CHEREWAE NG, B (5) HEREZEENLREMmERENE 3,

*3 EFHKe,e,,6 NEFENER R
Tab.3 Comprehensive evaluation matrix R of all expert e, ,e,,6e,

HLAY Type 0, 0, 0, 0, Qs
P, (0.87,0.13,0.47) (0.80,0.16,0.58) (0.82,0.13,0.56) (0.87,0.17,0.47) (0.70,0.39,0.60)
p, (0.82,0.20,0.54) (0.86,0.18,0.48) (0.80,0.17,0.57) (0.82,0.20,0.54) (0.31,0.58,0.75)
P, (0.82,0.16,0.55) (0.87,0.10,0.47) (0.80,0.10,0.59) (0.87,0.18,0.45) (0.41,0.56,0.72)

FE4 MK (8) ~X (10), KB ITRBIERZFWALE [ EN: 0 = (0.1886,0.1679,
0. 1461,0. 1886,0.3088) ,

F|S CHREEFIAE, FEd (8) HRTRNIERIES T, HMRIEE X 4 57 3
NI REGA O ER 0 REIE R R, k4,
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x4 3N ARMNEESEEEME

Tab.4 Comprehensive attribute evaluation of three programs

HLAY Type LEA RN Comprehensive attriuate evaluation value 7543 PRI Score function TE A PREX Exact function

P, (0.81,0.19,0.55) 0. 63 0.70
P, (0.75,0.28,0.60) 0. 49 0. 64
P, (0.78,0.21,0.59) 0.56 0.65

SR HF LRI, RYnE 6 FEH 1, W 3 DT RS BIEITFM AR/, il 3 7
EWIHEF TS, 42/ P, > P, > Py o BG5S DITHINEIE, Mz~ mI e es — ML,

5 ZhiE

A T —FI LT Pythagorean BUMIAEZE MR 10 2 SR ERFULSE J7 i, %6, %1% Pythagorean
OB AR LML) 22 T MV I, 44t R R T DS 3 R e 2 WA T (B 5 i, R T2 1) e
BRI MO PR AN B HOUk, ARSI ML A SIS0, S UE T A< SCH I 9 Pythagorean £
W= L M M 11 22 R P SR AR 1 T A PRI S8

ARSI R B 0 B 20 AL T Lance B 85 HEFT HO4E 2, 117 L {87 80107 7 2% 2 B
AR, W, B AR ERE B B R s . T 25 00 TR AR FE AR SO SR ek B
OSSR EARRE, LR R
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