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Numerical Method for the Distributed-Order Riesz Space

Fractional Diffusion Equation
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Abstract: A numerical method for solving the fractional diffusion equation of the distributed-order Riesz
space fractional diffusion equation was proposed. The distributed-order differential equation was discretized into
a differential equation with a multi-term equation by Simpson quadrature formula. The fourth-order difference
approximation was derived to solve the resulting multi-term equation. The stability and convergence of the nu-
merical scheme were analyzed by energy method, and a numerical example was given to illustrate the validity of
the established numerical discrete scheme.

Keywords: space distributed-order; fractional differential equation; stability; convergence; numerical dis-

cretization
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FUFSE T Caputo 434 R Ty 7 FE R BE AR T HEAT T USRS HT 5 Atanackovie 28 IERR T ] 3
A3 ] VG (o) AR AT AR, IR MR Luchko 251 25 8T —ANJF X 8] L 549 43 A By B 1) 43 B0 97 1
Dy, FEUERA T XA e A i 0 — PR RN AEE s Jiao SR T A0 MY S AP A B AL B R K 40 A
PRI 0 2 N ) 2R 6 PP (SR O 40 A5 9 BELJE 5 4 1z FH . Podlubny %87 FHE [ 7 vk B 8043 A1 B3 HIORTRR
Gy, S BB THE AR MR B, (A BRI BUEEE /T Gorenflo 55 BIFFT T —Fh /i
Bt 1] 53 BN B sy R, DR AR L P A8 s AR o S AR 4 B RS 3 1 I I R B A, A ST
HRIE T2 AT B 00 5 R T R O BF 5538 Fe B /b, 2014 4F | Katsikadelis ™ #F58 T Caputo 7317 fr £ v
AL MR M TR B, (B AT RS 43T, 2018 4, Semarya %532 FHAS 131 19 43 44 B B
IS R TR 5B TR Picard BB 5 R0 A0 &ML BU 00 T/, (BB AT BB 70
Bro AR A AR S B U BT B R IE S, B Aok Bz BRI AR T [ E
M8, XRE RN GUSCE R, B TR A 2, M R EBUEREE R A, IR
FIE fA7 S RO o BB A BB s A SO T A S B v R gk 3 TB) 433 B R 23 BB #80 #2
FIELLT Riesz 23 [0 0 A B A0 S0 shp o 2t -

ou/dt = KJZP(a)G“u/a\x\"da + fx,t),x € [%,,%,],t € (0,T], (1)
SUR S L
u(x,,t) =0,u(xz,t) =0,t € (0,7T], (2)
WIhR A1
u(x,0) = @(x),x € [x,,0,], (3)
XH P(a) RARGMBEE T, WAL
0<P(a) Pla) #0,ae [1,2],0 < f2P<a)da < w. (4)
PHBAREK AR, AR [x,,0,] FAIZSH Riesz 23805 0%u/0 | |* E XK
u(x,1)/d|x|* = ¢,[,,Diu +.D;ul, (5)
X e, =-1/(2cos(mas2)) , H
S = (T2 - ) a/ax [ u(é,n)/(x - ) dE, (6)
Do = (= 12T = a)) /o [ "u(é.0) /(6 - x) e, (7)

R, o =20, @u/d|x|? = Puw/dx’

1 RS IMEER
|, RS XER A TN FXE: ] = a < < <ay =2,Se N, Jfid
Ao, =a,-a,, =1/S=0,0a,_,, = (o, +,)/2,1 =1,2,---,5, (8)

BB B BCIR BA K, TR (1) R B T B [ P(a)atwa s e =

s
o z [P(a,_, )0 u/d |x %1 +4P(a; ) 0% "u/d | x|“12 + P(a,;)d%u/0 | x ‘”‘i]/6 +0(c*), M
ey
W, e
Diu = (Ko/6)P(a;)0%u/d|x|%,i =0,1/2,1,3/2,2,---,5, (9)
s
Du = z (Df-'u +4D%" 2y + D) , (10)
in1
N Riesz 25 6] 434 B 04 43 B0 47 107 B 0T DL O ELA 23000 50 S 50 o T
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ou(x,t)/dt = Du + f(x,t) +0(c") (11)
HABFFOIRFZE (2) ~(3),

2 HEBHEX

T IEXS A AR ) AT B, BOERE R NV, WK 1 = T/N,t, = n7,0 < n < N, JCHT ] X
0 =1{t,|0 <n<N} BUEEBHEM, HRZEIKL = (2 —x,)/M,x;, = x, +ih,0 <i< M, Z[HIX
WO, = {x |0 <i< Ml BRFEERFT A E SN Au(x,t) = dsu(x —h,t) + (1 =2d5)u(x,t) +
diu(x +h,t),ds = (—o® +a +4)/24,

T A E LN

n

S
Au = 0 Y, (A% u + 442y + A%u) /6, (12)

i=1
S
A(D.u) = Z (A" Dy + 4A%2 D%y + A%DYw) (13)
i=1
FESCREPREL U = u(x,,t,),0 <i<M,0<ns< N, FHILELS U WWHEF ATE N,
AU? = QIU?—I + QzU? + QlUI']

i+l

(14)
S S

Heip. 0, =0 ) (&5 +4d5-7 +d5) /650, = o ), [ (1 =2d57) +4(1 =2d572) + (1 -2d5") 1/6., H
=1 =1

SCHk (18], A LAUTS5E AL

AQ(ILD :U“(xi,t)) = 8:,+u(xist> + 0(h4> ’ (15>
A (D u(x,,0)) =87 u(x,,t) + O(h'), (16)
Hrr,
8 u(x,t) = X [wlulx, - (k= ko) 1/m, (17)
Oy _u(x;,t) = i [wéa)u(xi +(k-1)h_,t)]1/h", (18)
H

Joo = (o +3a +2)g" /12,
.:’.WE” = (o +3a+2)g' /12 + (4 - o) g\ /6, (19)
itw;‘“ = (& +3a+2)g /12 + (4 —a®) g /6 + (o’ =3a +2)g /12, k=2,
WEZRE g = 1,8 = (1 = (a+1)/k)g k=12,
FIALUT 253531 8% .

8%u = KoP(a,)e, [8% u +8% u]/6,i =0,1/2,1,3/2,2,-,8, (20)
BENET S.u |
du = i (8% 'u +48%"2u + 8%u), (21)
=
L, 78 U AT, vTiks .
8.U; = §<WW.U7) +1MZL__]1(W,H.U7>, (22)

Hrp,

w2+ P(oy)cqwy' 176,k = 0,12, (23)

Q172

s
W, = KO'Z [P(ay, )canﬁl-‘ +4P(ey_,,)c
=1
7R (9) ~(16) 1551
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A(Du(x,,t)) =8u(x,,t) +0(h), (24)
FREOTRE (1) e (x,,t) B TTFER
u,(x,,t) = Du(x,,t) +f(x,1) +0(c"), (25)
TEJTRE (25) MsmiCrEET A, WA .
Au,(x,,t) = AD u(x,,t) + Af(x,,t) + O(c*) ,x, € 0, (26)
=l (24) w7,
Au,(x,,t) =8.u(x,,t) +Af(x,,t) + 0(a* +h*) ,x, € £, (27)
TTXTES B, XTF AR (27), Bt =, e = ¢, WHBCE, BRI R, nieE,
AS UMY — S U = AT v RIO<i<sMO<n<N-1, (28)

;E\EP: arUin-%-l/Z — (U;1+l _ Ull)/T ; U:H-I/Z — (Uliz+l + Uiz)/z Hf;z+l/2 :f(xi, (t" + ln+] )/2) . mu%&i%ﬁi}%% R:L
AL

Ri=0(r" +0'+h"),0<i<MO<n<N-1, (29)
TR (28) hmgLARWTRZE , PR U FEUERG o B, IR R R A A R A
Uy =0,U, =0,1<ns<N, U =¢(x),0<is<M, (30)
(CESIDRN UV o =5 e W
ASu"? =8 = AP 0<i<SMO<n<N-1, (31)
up =uly =0, <sn<Ngu =¢(x),0<i<M, (32)
T IEIT Riesz 45 [8] 5346 B B9 050 9 O #E, H 5 #E (31) BUR:
(A-18/2)u" = (A+78,/2)ul +7Af"""*,0<i<MO0<n<N-1, (33)
KRG (33) WMARBUEMFA = (a,,) SR
F-Wea/2.0 <s -1,

15(?1 - 7'( 1176 + lv} ) /2 =5 *x 1 .
=1

TQ, —TW,,t =5,

}— W,

t=s+1

a,, (34)

/2,6 >s+1,
WAL ER 1,

EHE 1 2%l (31) ~(32) EME—nl Y,

ER WA = (-’ +a+4)24, 1 <a<?2, filldd; = (- +a+4)/6 <1, NFH2d <
1 -2d5 . HQ,.0, WEX, AI1F20Q, < Q,, il (34) "M, X TAR/MGE 7, HFE (33) WA
BOE R M R, e 1 ARk,

3 FREMMY S RYIERA
53¢k [19] HeMML, AT At aHs X BUE o, B, & CEEBUW BRI R, &
Vi =tvlv = (vy,,0y) 528 XTE 0, FRIRSERECE v, = v, = 0] o MEER I RE v, e V,,

B (u,0) = hY, (ua,) , FEXAIEHGEECR L 85 u] = /(u,u) .

T U 22 40K 5 B s P PO | A7 DL F A
S 1 AZBEMUM, BIXHMEER w0 € V,, BOL (Au,w) = (u,Av),
{ER

S
(Au,w) = 0 X, [ (A“'u,w) +4(A2u,0) + (A%u,0)]/6 =
i=1

UZ[W,AMU) +4(uw, A7) + (u,A%)]/6 = (u,Av), (35)
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HIENE
3132 AHEEM v e V,, HOL |23 < (dv,0) < [olfs
iEBA

s
(Av,v) = a'z [ (A%, 0) +4(A% "2 0) + (A%,v) ]/6,
Py

H
lo[P/3 < (A%,0) < [|o|P,
[OEE:
S S
(Av,0) < o (6]o]?)/6 = [[o]?. (Av,0) = D (2[0|?)/6 = |v|/3.
i=1 i=1
BISERS
S[3B3 XHMEEM v e V,, AL (8,0,0) <O,
i B
SI

(8w,w) = >, [(8%0,0) +4(8v,0w) + (8%,v) ],

i=1
HA (8v,w) <0, Alf§ (6,v,0) <O,
S 3, HASER T 2, HUEIHZRISCHk (18] MxEH 2,
EE2 W o R 20k Y
AT S = ff0<i<SMO<n<N-1,
vp =0, =0, 1 <n< N, =¢(x),0<i<M,

UES)
n-1
[ < B+ B X D1 <n <N,
=0

1, oy (x0) = uy(x,) = 03]/ = /h§<f5>2o

HE R 2 o] DL B A A 3,
EE3 200 (31) ~ (32) FRIME A5G f RO RER
MAEZ LM (31) ~ (32) RYsih:,
EE 4 2o (31) ~(32) ISk, HILS N 0(7* + o + h')
B W (w1 (0<is<M,0<n<N)EEmHEx (31) ~(32) MfF, H
e, =U -u' 0=sis=sM0<sn<N,
B (28) M (29) ralsZeat (31) Ak (32), SRR ZE TR
AS e 8 = R,0<i<M0<n<N-1,

0 .
ep =ey =0, 1=<=n<sN,e =0,0=<i< M,

HR A 2 2 155,
n-1
[e"||< 37‘2 IR'|< 3T /(2 —x,) O(7* +0* +h*), 1 <n <N,
=0
i,

4 HEHIF
Bl 1 ZELLT Riesz 2[00 BT #E

ou/ot = fP(a)(aﬂu/a\x\“)da +f(x,t),x € [0,1],t € (0,1],
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AT
u(0,t) =0, u(l,t) =0,¢t e (0,17, (48)
IR A1
u(x,0) =2'(1 —x)*, x e [0,1], (49)
X,
Pla) =-2I'(9 - a)cos(ma/2), (50)
H
fla,t) =—e'[a* (1 —x)* +J'?p(a)aau(x,O)/a\x\“da]o (51)

Tt (47) ~(49) BRI N w(x,t) = e'x* (1 —x)*
W80 =1/1000,7 =h* =1/400 , T = 1.0,

0 R IR - k 0.000 07 T L) _

IR RKIRZE E,(h,7) = ggs{\u(x”th) —ul, 000006 ’."J .‘5- gzl?ﬁe%zct solun(‘)ns

WZERIE LN R, = log(e(h,)/e(h,))/log 2, 0.000 05 Nl solutions

B R T T = 1.0 B ZIAERR SRS HARAY =0.000 04

W, Wo = 171000 7 = h* = 17400 —#4E 000003

WG, #lEBnRe =1/1000. 7 = h> | T = 0.000 02 \“

1. 0 BPBUE M SRE B MR 00 o R iR 25 S, 25 0.00001 N

RIEWT. R, = lg(e(h,)/e(hy))/1g2 =4, X5 : T
0 02 04 06 03 1.0

=2 4 y: IS O (72 4y p
e jiﬁgﬁmgj@'f (;; +% ) B mER SRR (o=1 000, —=1/400, 710
By BT AR 1 AT CE Fig.1 Comparison of numerical solutions and
SR R e —E exact solutions(o=1/1 000, 7=h?=1/400, T=1.0)

R T =10#HAHEFEHRKIZEZMBSEH (0 = 1/1 000,7 =A%)

Tab.1 The maximum errors for the numerical method and the convergence orders
(0 =1/1000,7 = h*) attime T = 1.0

h T E, (h,T) RE
1/5 1/25 1.181 x10°* -
1/10 1/100 7.904 x10~° 3.901
1/20 1/400 3.343x1077 4.564
1/40 1/1600 1.522x10°8 4.457

5 4t

AR T —A Riesz 23 [ 34 B (49 50 B 3 B R (BB DT85 o B0 A5 B D5 RE B O 5 A 20
IR R D AR, AT BR2E 70 IE XA 2 A 3 T RE AT BUER A . UEIA 22 70 A% SR AR E 1A
TeFRAFWERY . A, ASCHIEUE T S 0(7* + o' + h*) o B, 4 T EUE G T RAER
ARSCRAEDT A S B A R R— B o X P75 AN B AR n] TSR g A0 A A2 2L ) 73 KB i i o
JitE,

[ &% X #f ]
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