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The Higher-Order Interpolation Approximation of the Right Side

of Caputo Fractional Derivative

YAN Yuyuan, LIANG Zongqi
(School of Science, Jimei University, Xiamen 361021, China)

Abstract: In this paper, a new variable to reduce the order of the function for the fractional derivative of
Caputo on the right side of (1 < a < 2) was introduced, and L2 — 1 interpolation method was used to obtain
the higher-order interpolation scheme. In order to further improve the non-uniform O( At*™) order accuracy of
L2 — 1 method on the interval [ ¢y _,, b] brought by L1 interpolation, by increasing the constraint conditions, the
whole interval was made use of L2 interpolation to obtain the consistent O( At*™) high-order interpolation for-
mat, and the truncation errors of both were proved respectively.
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(G W T RS T = e o | 5 A U R T R NE A SR =< 537 ) G158
SO R AL A T A B A S IRIME T LA, Al RA) i v s B T R B A BN T o T R X A i T Y
WSS, T8 S8, IAEA JLRORTRIE S, s8] 0509 Laplace 7' 7 | Riesz 25 [8] 53
KO A & RO Y Riesz 20805 5403 4 Riemann-Liouville HE4L R (4 53505 T4k,
{H Pandey %5'*'#8 1, Caputo & X AEMS kG — LE /3 BB S BUAE 76 1 B i SP 1R 25 | B 47 57 I R
TR SHBAEE | IR I 0 BN S RO B Py B SRR, A3 B 3 80E LR AE Caputo
B SUF Y Riesz 2080 5L, AN Riesz-Caputo 20500 S50

Caputo 735X 8000 R 2 BORAT 2 4%, 22 Caputo 350 B T4 Y B B £ 202 L1 F1 L2
B Murio' ' Xt a B (0 < a < 1) Caputo BB RIERBE HO BEAE L1 B 250 i, ks
20 0(At) 5 Lin 7RI A ] L1 2580, PR ES R 0(AC™) 5 Sun S5 ME T L1 -2 4%
RXAATE L, FFE WS 0(AS™) 3 Du 22 ook 11 -2 U — 80 12 #% 28, Xt a By (1 <
a < 2) ZEfll Caputo 23 SEGHATES B, B3 T 3 O(AS™) KR, MIELE % o B (0 <
a < 1) £ifl] Caputo 734X FEAE L2 - | RfHENR, IFUEBHISN A 0(AC™) , 24 7135 Riesz-Ca-
puto 7T FEAYE AR, TEIT « B (1 < a < 2) A0 Caputo 7B SR EUEE T RS, A
LEEMET aBi(l < a < 2) 470l Caputo 535 B-FEH —Fh = N EUEE AR 3, @ 5] AR AE &t
SeH 12 - 1 AU B L, P ee 8 — 80 12 dEiAg s, IR DA iR 24 T, UE
B TSI O (A )

1 &AM Caputo FEHr SHR 12 - 1 83K

EX 1M (/M Caputo MBI FH)  Wa—TIEEH, Hn-1<a <n, n NIEEEL (1)
JEE XA [a,b] AT BLREL, WIFR Df(1) = (—1)"(1/F(n—a))fbf'l)(f)(r—t)”'“_ldTﬂﬂlgl
BA(t) W o B4 Caputo 430 B %% .

A M Caputo 73BN FEUE LA, B a=n-1 8, ZFEGEL R —BIE AL E N T,
SRR, ACHRVHE T < a < 2 BTN,

WAEE X1, A0 aBr(1 < a < 2) Caputo N SFECH Dif(1) = (1/T(2 - a))fbf”(T)(T -

) " FEAE R g(1) = f (1), WH [Dif(1) = (1/T(2 —a))fbg'(’f)(’f - 1) "dr,

ik g(t) e Cle,b], Bt =1, <t,,, <= <ty=b,t,=kA(k=0,12,-,N), A K,
TE A ¢, Ab, A0 Caputo AR LAS Ky

Df(1,) = (L/T(2 —a))j%g'(T)(T i) e = (T —a) X[ e () (r - 1) . (1)

J=k+17 41

NIETE, g 8,8imn = (g(t,,) —g(t))/At; 6[25,' = (8,810 =88 10) /AL 5 10, = (14, +
t;)/2,

K (1) P [, ]G e [k +1,N-11) B L2 46(EH P, g(¢) KIMUCEE g(1) , X [y,
ty] B LY A Pl,/\"g<t> KT A g(t) , Pz,jg(t) = g(tj—l><tj - t><t,‘+1 - t)/(ZAt2> + g(tj)(t -
tiy) (L = 1) /A + g(t) (6 =) (4, t)/(2A8%), P, yg(t) = gty ) (ty —t)/At + g(ty) (1 =
ty.y )/ Ar, XERERIERWTER2E 3500 : g (1) = Pyyg(t) = g" (&) (1 —1,,) (1 —1,) (1 =1,,,)/6, 1€ [1,,,4],
gi € (tj—l’thrl) , g(t) _Pl,e’\’g<t) = g"(f)(t _tw‘fl)u —tw)/z, e I:ts\f—l9ts\’] ,{ € (tN—l’tsV)o

X (1) PHMaBr(1 < a <2) Caputo 3 EH-FET LIS Ny .

Dif) = (1T =) X[ g -) i = 1me - ) (X [ e -n)
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fl"i\: g (t)(t-1,)"dr) = (I/T(2 -a))( 2 f I (P, g(T)) (7 —1,) ~dr +

J=k+17 iy

J»zjw (Plyj\,g(T))/(T — tk)l-adT> + Rk = (1/F(2 - a))( 2 (S;Zgj)jlllj (7- _ L‘]-+1/2>(7' _ tk>1_adT +

ty- j=k+1

' N-1 [j ! ty
Z (Stgj+l/2)j (7 - t/f>l_ad7 + SlgN—l/ZJ (7 - tk>l_ad7) +R,, (2)
Jj=k+1 -1 IN-1

Hor (P yg(1)) = (glty) —glty,)) /At =88y 1, 5 (Pyg(t)) =g(t) (2t —t; —t,,)/(2A2%) +
g<tj)<lj+l + - 21)/Ar +g(tj+l)(2t -t - tj—l)/(2At2) = Btzgj(t - tj+1/2) + S;gjn/z;

R,= (T2 -a) (3 [ (g'(r) = (Pog(r))(r = 1,) “dr +

[ e = (e (1)), (3
EEE,
[" (=) dr = b AP (2 - a), (4)
[ " (=i e = b AP (2 - a) (5)
[ " (=t (1= 1) e = e AP (2 - a), (6)

i
Hr b, =P - (I-1)""1<I<N-ksje, = ((I-1)"" =) /(3 -a) + (3(1-1)""=1"*)/2;
=1,

¥l (4) ~:X (6) AKX (2) i,

N-1 N-1

,CDZ][( tk) = (Alz_a/r<3 -a))( z (S;gjn/z - 6xgj—]/2>ej—k + 2 (5xgj+l/2bj—k) + 5ng\’—l/2b/v—k) +R, =
j=k+l j=k+l
N N-1 N
(A?™/T(3 -a))( 2 (8.8;11€41) — 2 (8,8;-1004) + 2 (8gi12bjim1) +8.8x10bys) + R, =
j=k+2 j=k+1 j=k+2
N N-1
(AZ/T(3 -a))( 2 (88120 +b)) - Z (8,8,-12¢4) +8.8v10byy) + R, = (A/T(3 -
j=k+2 j=k+1
N ! N-1 !
a))( 2 (g _gjfl)(ej*k—l + b}'*k—l) + 2 ((gj _gj—l)( _ej—k)) +(gy — gy )byy) +R, = (A'™/T(3 -
j=k+2 J=k+l
N-1
a)) (w,g(ty) - 2 (wN+k—j—l - WN+k7,'>g<tj> —wy,g(t,)) + Ry,
J=k+1

exo tby .y by, L=k,
Hiw, = ey, +by,, —eyv,, k+1<I<N-2 [Hit, 55,
~ €n-1s [l =N-1,
(zCDKf“k) +zCD§f<lk+1))/2 = (Atl_a/r(3 —a)) (wg(ty) = (w, —w,,,) (g(ty,) +g(ty))/2 -

2 (wsv+k-j-1 _we‘\“+k—j)(g(tj) +g(tj+])>/2 —wy, (g(t,) +g(t,))/2) + (R, +R,,)/2. (7)

J=k+1
BII1 YN=k+30, MTEENa(l <a<2), X (7) TEw AFMHFR: 1) w, , >
‘wxv_z‘ 3 2)w, >0,07#N =25 3)wy, >wy, ;3 4)wyy Swy, = = w,,

IERR MRYE w, BYE L Se, . b, BITERT, 573 1) ~3), FHEEMIMER4)
ME+1<ISN-30f,w, =ey,, +by,, —ey, = [(N=1-2)""-2(N-1-1)"*+(N-1"")/
B-a) +[(N=1-2)"*-2(N-1-D*+(N-D**]/2,
Bwlx) =[(x =1 =2+ (x+1)°]/B —a) +[(x = 1)>* =227 +(x + 1)>*]/2, MAH
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w(x) =[(x =1 =2+ (x+ 1D ]+ 2 -a)[(x =)' =22 + (x + 1)'™]/2,

Lh(x) =27 + (2 —a)x ™2, W w (x) = h(x =1) =2h(x) + h(x + 1), HTF h"(x) =
2-a)(l-a)x+2-a)(l —a)x™*"'2 =2 -a)(l —a)(x™ = (a/2)x™ ") <0, B h(x) &
— AN R, MR R TE RS h(x = 1) = 2h(x) + h(x +1) >0, FF5IH, 2Mx = N -1 -1,
w(N-1-1) =h(N-1-2) =2h(N-1-1) +h(N -1) >0, it

KT (7)) TRIRE, SIAGIH 2,

SIE2 R f(t) e C'[e,b], iCf = (1) o HN=k+3 W, N,

(f] +f10)72 = (138f.1 = 28f 13y + 8f050) /12 + O(AL) , j = k, (8)
(f] +f1)72 = (8 +108f01 +8f13,) /12 + O(AY) , k+1 <j< N -2, (9)
(f; +f70)72 = (138f,1, =281 +8f,3,)/12 + O(AF) ,j = N -1, (10)
UWERR Jeihigk +1 <j < N -2 (918, N Taylor BT,

o= Fon = A 0/2 + ACF) /8 = ACFT /48 + ALY, /384 + O(AP) (11)
Fror = Farn + Df L0072 + ACF) /8 + ACST . /48 + AL*fY) /384 + O(AP) . (12)

et (11) 52U (12) B, £, - f = A, + ACS] /24 + O(AC) B
Finn = (b =f)/00 = ACF] /24 + O(ALY) (13)

" !

FIHE, £ = [l = M 00/2 + ACF) /8 = ACFS) /48 + YD), /384 + O(AL) | fly = flan +
Atf 7 0/2 + ACS] /8 + ACSE /48 + ACS), /384 + O(AC) 5 BRI, ] + /1, =2fpn +
ACfT /4 + O(A®) KR (13) 1RAER,

(f] +f1)72 = [l + ACF /8 + O(AY) = (f,, —f) /A + ACF7 /12 + O(A®) . (14)
o = frnn =30 [1,/2 +9ACF T, /8 = 9ACS ), /16 + 2TA%), /128 + O(AF) (15)
Frz = Frrn + 30U 11072 +OALCS T, /8 + 9ALS ), /16 + 2TALSY), /128 + O(AL) (16)

Hi=l (11) ~X (12) . X (15) ~X (16) KFFERBOES, of, +bf, +¢f,,, +df,, = (a +b +
c+d)fp,+(=3a-b+c+3d)Af],,/2+ (9a+b+c+9d)ACS, /8 + (=27a - b +c+27d)Ar
[in/48 + (8la + b+ c +81d)Al'f) /384 + O(AS) , fli EAXAUAEISE] 3 BORGEE, i LT %%
Hea+b+c+d=0,-3a-b+c+3d =0,9% +b+c+9d =0, -2Ta-b+c+27d =1, 53], a =
16,0 =1/2,c == 1/2,d = 1/6. T, = f,/6 +f/2 = f,,/2 +f.,,/6 = ACf"., ,/6 + O(AC) , I
AL (14), 8 (f] +£0)72 = (8fusp + 10811, +8f.,,)/12 + 0(A') , KX (9) HHIE,

FHEAEH (8), 24j =k BF, H Taylor JBIFINAI45, £, = f + Atf /2 + ACf /8 + Af, /48 +
OCAL) | fran = frn = Dif (/2 + ACFY /8 = ACFY /48 + O(A) B BRI AAE, (f, +/,,)/2 =
8frun + AL —f1)/8 = AP (f] +f 1) /48 + O(AS) , Forh £ = f] = Aif + ACAY /2 + O(AF)
A,

" m n

o +f1i)/2 =8f1p + AP (S —f1)/48 + APf /12 + O(AF) =

m

8frir, + APF, /12 + O(AF) (17)

FERE, L1 ~fr0 == AL +O(AL), fin = fi + N, + APSL72 + APf) /6 + O(AY), fi = /i +
201f |, ACST +8ALSY /3 + O(ALY) , foy = f, +3A1f, +9APS /2 + AP, /2 + O(A*) , MM

3ot = oz +Sis =S + ACF + O(AY) (18)

Wl (17) ~5 (18) FIRE, (f) +/10)72 = (138110 = 28120 +8.fr050) /12 + O(AF) , K (8) THIE,

n

K, ZE) = N -1, i, = foo + Mif 172 + AP /8 + ACS /48 + O(A)
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m

Foorn = fo = Dif 072 + APF /8 — APf /48 + O(A) , [RIFE

n m n

(v +S3a)/2 = 8 fuip + AP(FY - f1) /48 + APFU/12 + O(AF) =

ua

S + AP /12 + O(AY) (19)

ua g "

FERE, fy —faa = M) + O(AP) | fy = fo = AMify + ACFL/2 = ACF/6 + O(AL) | fyy = fy -

AL S+ 2A8%F N —4ACF /3 + O(AL) | fys = fy - 3Atf  + 9ALF /2 —9ALf /2 + O(AL) , MM

m

3fN—1 - 3fN-2 +f/v-3 Zf.e\/ - At3fw + 0<At4> o (20)
i (19) ~30 (20) Alf, (f; +f/:571)/2 = (138fy_10 = 20fx_3n +6fvs50) /12 + 0(Ar) . 2 (10)
FRE, 5132 uERE,
FAHGIE 2, M N=k+3 0, X (7) 2R
(D) +Df(1,,))72 = (AT (3 = a)) [ = wy (138, = 28f5.30 +8.f152) /12 =
N-2
z (wN+k—j—l - wmk_j) (6fj_1/2 + 108fj+1/2 + 5fj+3/2)/12 = (w, —w,, ) (138,fy 1 =28y 30 +8fy5n) +

j=k+1
N-2

w,f(t,\) 1712 + (Atlia/r(3 —a))[ - ww-l()(AlS) - 2 (wN+k—j—l - wN+k—j)0(At4) -

(1 =) (8] + (R, + B )72 = (M/TG - @) (X, (dy )+ (DA 92, (21)
orpr, :

R™'? = 0(A*"™) + (R, +R,,,) /2, (22)
X (21) H, R4, HEEELAT .

dy, = -13w,/12 + w,,,,
1) % Nk 30, d, =5w,/4 - 2w,,, +w,,,
d, =-w/4 +w,,, —2w,,,
dy = w,/12 +w,,,,
dy =-1B3w,/12 +w,,, +w,,,/12,
d, =5w,/4 -2w,,, +2w,,,/3,
2) BN=k+4 M, 3d, =-w,/4 +w,,, —3w,.,/2 +w,,,
d, = w,/12 +2w,,,/3 - 2w,,,,
d, = w,,/12 + w50
dy =-1B3w,/12 +w,,, +w,,,/12,
d, =5w,/4 -2w,,, +2w,,,/3 +w,,,/12,
3) Y Nk 45 dy =-w,/4 +w,,, —3w,,,/2 +2w,,/3,
dy = w,/12 +2w,,,/3 = 3w,,,/2 +w,,,,
d, = w,,/12 +2w,,,/3 - 2w,,,,
dy = w,3/12 +w,,,0
dy = -13w,/12 + w,,, + w,,,/12,
d, =5w,/4 - 2w,,, +2w,,,/3 +w,,;/12,
dy =-w,/4 +w,,, —3w,,/2 +2w,,,/3 +w,,,/12,
4) ¥N=k+6 W, 3d, = w,/12 +2w,,,/3 - 3w,,./2 +2w,,,/3,
d, = w,,/12 +2w,,;/3 - 3w,,,/2 +w,,s,
dy = w,,3/12 +2w,,,/3 - 2w,,s,
dg = w,,,/12 +w, 50
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dy =-1Bw,/12 +w,,, +w,,,/12,

d, =5w,/4 -2w,,, +2w,,,/3 +w,,,/12,

dy =-w,/4 +w,,, —3w,,,/2 +2w,,,/3 +w,,,/12,
d.

d;

w, /12 + 2w,,,/3 = 3w,,/2 + 2w,,,/3 +w,,s/12,
= w, /12 + 2w, /3 = 3w/2 + 2w,,/3 +w,,/12,k +4 <Sj< N -4,

vy = Wy /12 + 2wy /3 = Bwy /2 + 2w,y_,/3,

v = wy /12 + 2wy /3 = Bwy /2 +w,

dy, = wy /12 + 2wy ,/3 - 2wy_,,

dy = wy,/12 +wy_ o

1 KR (1) e C'[1,0] , BN=k+3 1, a B (1 <a <2) £ Caputo 35BS 18 T

w

5) M N=k+7 I,

d
d

&2 (CDyf (1) +Dif(1,.0)) /2 = (A/T(3 - a) ) ( zd S+ wf (b)) + RV LR T R 2E I AL

R < (1/T(2 =) [ ((6 -a)(a - 1)/(6(2 —a)(3 -a)(4 -a)) - 1/12)
max ‘fﬂ)(t) ‘At4 “+ ((a- 1)/8) max ‘f@)(t) ‘Atz “le (23)

p<t<ty No1SESty

iR H (3) A,
IR | = <1/F<2—a>><2f (&(7) = Poyg(r) (7 — 1) dr +

J=k+l1

J:;\ (g(7'> - Pl,/vg<7'))’(7- _ tk)l—adT)

(-1 =) (3 [ (a(r) -

J=k+17 o1

Pog(r) (7 —1) “dr + [ (g(r) = Py og(r) (7 —1,) “dr) |, (24)
s,
[ etr) = Pug(r) (r =10 = [ (0 (20/60) [ (7 = 1) (7 1) (7 = 1) e | =
| (6 - @)/(6(2 - a) (3 - @) (4 — ) (LA, &, € (). (25)
\zi j (g(1) = Pyg(7)) (7 —1,) “dr| = (1/6) | ;J g (&) (=) (1 -1
o (]; = 1) (7 = 1) 7| < (1/12) max \f‘”l(t) A 4 e (st o (26)

< (1/8) max f (1) (1, —1,) “AF <

IN_ SISy

(1/8) max f& (1)Ar™, (27)

Bk (25) ~X (27) fRARK (24) 7 Tﬁ%“‘_ \\R\ “\“< (UTQ2-a)[((6 -a)(a-1)/(6(2-a)(3 -
a)(4 - o)) - 1/12) max f<4>(t)‘At4a + ((a¢ - 1)/8) max ‘f(”(t)‘Af T, MO,

y=<t<ty Iy Ststy

(R, +R,.)2|< (/T(2 = a))[((6 = a)(a = 1)/(6(2 - a)(3 - a)(4 - a)) - 1/12)
max [/ (1) [AF + ((a = 1)/8) max £V (1) [((1y =)™ + (ty = 1,) ") A/2] < (1/T(2 -

1 Ststy

A [((6-a)(a -1)/(6(2 - a)(3 - a)(4 - @) = 1/12) max |9 () A+ (@ - 1)/8)
max | £ (1) [AF ]

ty_|Ststy

[ " (e(r) = Prag() (7 - 1) dr | <

IN-1

2 affi (1 <o <2) AW Caputo T E SEH 12 IREIEIR
R P (23), MTFEXE (6,0, ] FoRA LU ARE, HRERRZEANE 00 0(AF ) 18
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Ko FPRIHA IR IX A AR X REARR 2 A S P A BRI AR AT L2 FEIXTR] (¢,
ty] PAEIREIENT, (HHR AR 221380 0 (A KEEE,

RV EREL f (1) TEDKIA] [ 1,0 + 1] BAESL, FTRATER—A/NXHE (¢, ] (= k+1) FHRHZ
PARMHZ I P, g (1) EITHEE g(1) o

Daf(r) = (1/T(2 - a)) Zj"" &' (1) (1 —1,) " dr =

(1/T(2 —a))}%]f (P, g(7)) (7 —1,) dr + 1, =
(/12 - ) ZJ[( 1) 48] (7 1) M (28)
Hr,
= (/T(2 -a)) if (&' (1) = (P, ) ) (7 —1,) ™ dr, (29)
R (4) ~ X (6) TR AMH, Dif(r,) = (AF/T(3 - a))(j%](atgjﬂ/z(ejk +b,.,)) -
]_2:11(5,&1/26“)) +r, = (AY/T(3 —a)) (- wy,g(1,) —J_%(wwﬂ —wy,)g(L) +w,g(b) +

Ceny +byy) (&(tyy) —22(b) +g(ty))) +r, = (AT (3 —a)) (- wy g(t,) - 2 Cxpiejor =
wﬁ\Hk—j)g(tj) +w,g(b)) + 1o HiR2 r N
r, = (Atl_a/r<3 —a))(e\ k +be\"—k>(g(t/\“'+]> —2g(b) +g(t/‘\"—l)) +;ko (30)
L2, (DY) +iDif(t,,)) /72 = (A /T(3 - @) (w,g(ty) - (w, —w,,,)(g(ty,) +
g(ty))/2 - _§1<wN+k—j—l - w/\"+k—j)(g(tj) + g<t,'+1))/2 —wy_, (g(t,) + g(t,,))72 + (rp, +1,,,)/2 =
(AT @) (X (dy )+ (1) A0) 47972 JOR A2 = 0(AF) 4 (1, + 7)) /2.
EE2 KRB S(1) e C'l1,b], B N=k+3 Hf (b) = 0B, aft (1 <a <2) 4 | Caputo 734X
B SR BRI 2 (FDf (1) +7Df(1,,,)) /2 = (AT*/T(3 = ) ) ( Z(d ) +wf (1) Ar) +

A2 SRR VR | < CAP + (L/T(2 — a0 ((6 - @) (o~ 1)/(6(2 @) (3 — ) (4 -
a)) -1/12) max \f“)(t) \At4 “

y<t<ty

iERR (30) re= (AT —a))(eyy, +by ) [&(ty,) —28(b) +g(ty)] +r0 5 g"(b) =
f(b) = ORBF, JETAE L b A AE Taylor JEIF, W LIS E] g(ty,,) - 2¢(b) + g(ty,) = g"(b)AF +
gV (A /12 = gV (HA /12,6 € (tyy,tye) o B ey, + by, | = [(1I/T(3-a))[(N-k-1)"" -
(N=k)* ] +[3(N-k-1)** = (N=k)> 12+ [(N=-k)>** = (N-k-1)>*]] = [ (/T3 -a))

[((N=k-1)""=(N-k)*"] +[(N=-k-1)"+(N-k)>]2|=|(1/T(3 —a))f\i@ - a)
S7s + [(N =k = 1) = (N = k)¥]2|<S C(N - k)>™, CRE—PIEWH, WL

‘rk‘g ‘(Atl_a/r(3 —a))(eyy +by ) [g(ty,,) —2g(b) +g(1y,)] ‘+ ‘}k‘$
C(N = k) A" At + |7, |< CAC + |7, | <
N

CAP + [ (/T2 -a) Y [ (g(7) = Pog(n) (7 = 1) “dr | =

j=k+17 L
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A+ | (- 1) /T2 =) X [ (ar) = Pasg(r)) (7 = 1) de | (31)
o,
[ Catr) = P (=10 0 = (1006 @0 (7 =) (7 = 1) (=1 e =
(6 —a)/(6(2 -a)(3-a)(4-a))f(4) (L)A€ (1,,1,,,), (32)
,ifl_l]](g(ﬂ ~ P, g(1)) (1 - 1) "dr | = (1/6) ij:’lgm(;j)(f S (r 1)
() S (12) w0 ML ). (33)

Bt (32) ~30 (33) MRASK (31) 18, [r,[< CAP + (/T2 -a))(6 -a)(a-1) = (6(2 -
a)(3-a)(4-a) -1/12) max [/ ) [AC L B, [ (r, +7,,,)/2]< CAP + (1/T(2 —a)) ((6 -

<t<ty,

@) (a-1)/(6(2-a)(3-a)(4-a)) —1/12) max [f4 () A, EH2 IFEE,

tkststfv+l

FE1 BER2 ATAL, UMM (b) = OB, X N=k+3 WS, 158120 R
O(A#™) FIRSEIENT (1/12) (D () +Df(,,)) (1 < a0 <2),

E2 Joiese L2 -1 8 L2 JEIEAREL, PIIRIEE Y N=E+3 IEIE . XN =k +1, k+2 BUTENL,
A RS BKCE]A] LR A KN RI 2, e, =1, <1, < o <ty =1, , ME—PIE%E, &
K A=A, y>1, HBEAER y, HAHZXEIARRE T LIAE] 0(Af) |

FHELLN =k +1 BT, ‘DY) = (1/T(2 - a))f"”(r — )" (r)dr = (1/T(2 -
a))fwﬁ = 1) () dT = f (1, ) APT/T(3 = ), WHO BB WS B R (D) -

)M /T(3 —a) = (1/T(2 - a>>f”;”(r — 1) () = f (1) dr = (1/T(2 - a>>j":“<7 -

1) Y (E) T = O(AC™), € € (1,,1,,,) o B, WAl AR 7k Zs 80 N =k +2 BF RS0,
HARIFRFER 0(A ™) K,

3 it

AR 12 - 1 #F a B (1 < a < 2) £flll Caputo 73405 FHGH TR R, JFihe THR
ki, T EeEh L1 ARIEAEIXTE] (o, 0] LARRAGEREE, SE—2B4R I 12 ffEEimas s, iy
—E MFRMI AT, 8] T2 0(AM™) BOREEE, FFo0n0 —F R EIR Z ATl 26T Lk
T, ARSCHRHEA B a B (1 < o < 2) £fll Caputo 8B FAUW S I 2 EE LA, TRk
FEAT LR B i B 22 204 20 T 2R A AW 5 AT Caputo 73 $U B S 8000 22 70 O RO dEAT iR 22 A0, B
4, @A LI IE a B (1 < a < 2) Riesz-Caputo 73 0B T4 e 4 BB ELE A% 2, DLSE m RO i
TR— LU ] 2l I 25 0 B o T
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