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A Stochastic Logistic Population Model Incorporating Ornstein-Uhlenbeck Process

SHI Wanying, WEI Chunjin, ZHANG Shuwen
(School of Science, Jimei University, Xiamen 361021, China)

Abstract: In this paper, the dynamics of a stochastic logistic population model incorporating Ornstein-
Uhlenbeck process were investigated, and it was proved that the harvesting effort £~ could be used to govern
the stochastic extinction and persistence for stochastic model: if £ = E* under extra conditions, N(z) will die
out, while if E < E*, N(¢) will persist. Furthermore, it was proved that smaller speed of reversion @ or bigger
intensity of volatility £ could suppress the population growth, while bigger speed of reversion  or smaller inten-
sity of volatility ¢ could benefit the population growth.
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) lim N(2) =0, #HE<r, N lim N(z2) =N",
N ZE BRI T, Yang % BN BUEK R r 52 508 07 4 M A e e R B s, 1D
r—r+ogdB(t)/de, (2)
Ho: o J2MmoR i B (1) 2 —dEbr A Wiz h, & XA AT F,OJF B 2 8% 5 (|
(F ] oo RATHESERARIE I, B F, WA B4 M8 MR (Q,F, [ F, 2, P) BT,
(2) AR TR (1) o, RN DTN -
dN(t) = N(r - E -=rN/K)dt + oN(1 = N/K)dB(t) , (3)

XEFHA (3), Yang 451 Hy T AL B SIMOR R SRS e, BIXHT R4 ERIME N, e
(0,K), #E=r-0°/2, WFRERL; 5 E<r—-o’/2, WFEHFLEL,

FIT S S 3 I B0 Oy R B oy BB A 20 M Jr 1, 3l Bedding 2% i
Set Ay, ISR R R e B ML AR R A 4 S b A PR I AT LA R R R
FUBE IS, SR S A PR 7 5 | A B S MRl AR T i —Fh A A7

BT SEAR sk A, A — R, BRI SR r R S R R L AR R,
PR (1), r TEREPLEREE i 05 — Al BERE BRI [0 52 i 2 (Ornstein-Uhlenbeck i3 #2) , HIE
KA.

dr(t) = 6(r, —r(t))dt + &B(1), (4)
Horbe 0 RIS, € ETUEBNREE ; r, IH PR ACFEIE KRR, 0, 1, & BINIEREL
%T Ornstein-Uhlenbeck 1572 (4) FRn15:

Ft) =1 4 (ry —r)e™ +gf;e*"“*>d3(s), (5)
Hrpr,=r(0), 1 Ito FRAPRYTER S50, r(t) FIHIEE Ky .
E[r(t)] =71, +(ro —-1,)e™", (6)
r()WITTZERN
Var[r(t)] = &1 -e™)/(20) (7)

= (6) Mz (7) AHETH ff;e"’“"‘)dB(s) IRAIEZS 3G N(0,&° (1 -e ") /(20)), EFN T

&V —edB(e) /( V20dt), H dB(1)/de — AN g, #at (5) TS .
r(t) =r, + (r, —re)efol +o(t)dB(t)/ds, (8)
Hiro=¢v1-e//20, 23X (8) fLAR (1) W75,
dN(t) = N(t)[(r, + (ry =1,)e™™)(1 = N(t)/K) = E]dt + a(t)N(t) (1 = N(¢t)/K)dB(t), (9)
N(0) =N, e (0,K), 4 6—ooiif, BEHLETREMR (9) Ha T fasis (1),

1 £RERNTFEE—4

T EPRAIE IR T R (9) FAAEME—— 2R IE o

FE 1 IMEEZSEVEN, e (0,K), REG (9) MA =0 LIBER 1 fA7EME—— 42 )5 IEfi#
N(t) e (0,K), I P{N(t)e(0,K):Vi=0} =1,

IEBR % IETT My

dY(t) = [r, —E —r,e""/K - &€ (1 - "/K)?*/(460) ]dt + o(1 — " /K)dB(1) +
[(ry —r)e® (1 =e"/K) + €™ (1 - e"V/K)?/(46) ]dt, (10)

WIME Yy =In Ny WAREEARL (10) (R E0H 2 JmHK Lipschitz 250F, WAL (10) FELEME——A> R HB A
Y(t), te(0,r,), =, JEABKERTR], FTH Io 2K HE N(e) ="V BB (9) EAWIME N, BIIEM .
R TR AR R AR, HFFIE 7, =0 o &k >0 550K, 15 Ny e (1/k,, K-1/ky), MERE
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Bk >k, EXAFN 7, =inf{ee[0,7,):N(1) ¢ (1/k,K-1/k) |, AR inf @ =0 (O Jyili 1)
) . BARY koo B, 7, B, BT, =I}ir£ 7, Wr, <7, HA[UFr, =, MXVt=0, r,=w
HN(t) e (0,K), FrLLHEHE 7, =0 o [BOEARGL, WAFFE—XTHELT >0 Al e e (0,1), 14 Plr, <
T >e, HMAFE—NEEE, =k, Hi15 Plr,<T|=e,Vk=k,

FE S RGBT R V: (0,K)—R ™, V(N) =K/N+K/(K-N), H Tio 25, *Viel0,
TIF b=k, , £

EV(N(t A7) = V(N) +Ef:”LV(N(s))ds, (11)

DL & LV(N) =( =K/N* +K/(K=N))N((r, +(ry=r,)e ") (1 =N/K) -E) +
(K/N* +K/(K-N)*)o’N* (K-N)*/K* = = (r, + (ry =r,)e ") (K=N)/N +KE/N +
(r,+(ry-r.)e "YN/(K-N) =KNE/(K-N)*> +0K((1 =N/K)*/N + (N/K)*/(K-N)) <
KE/N + (r, +(ry-r.)e ")K/(K-N) +0°(K/N+K/(K-N)),

#irgsr,, Wr,+(rg-r)e "<r; #irg>r,, Wr,+(ry-r,)e " <r,, #A LV(N) <KE/N + (r,V
r)K(K-N) +0”(K/N+K/(K-N))<EV (r,Vr,)(K/N+K/(K-N)) +0°(K/N+K/(K-N)) =
CV(N), Hth C=EV (r,Vr,) +0” B LV(N) <CV(N)fRAR (11) 18, EV(N(iA7,)) <V(N,) +
Ej: CV(N(s))ds<V(N,) +cj: EV(N(sA7,))ds, i Gronwall REERAE

EV(N(T A 7)) < V(Ny)e, (12)

W0 =\rn<T|, k=k, Hii P{r,<T}| =¢, Yk=k, WHE PO} =, HHVY, e,
N(7,,0) S F 17k 8k K- 1/k, Hik, V(N(r,0)) =Kk, H3X (12) 018, V(N)e" =E[1, (w)
V(N(7,,)) 1 =KkP {0} =eKk, 1, = O, FFEFRREL, 4 koo, Moo >V(N,) e = o FJF,
Wr, =w,

2 FhEERMRENBhE
2.1 FhERIBEHLR 4
EE2 ARSE (9) WEE=r -£/(40) H
& <26, (13)
a§
& > max|{26r,,0r’/E} , (14)
WX FALRLERIE Ny (0,K) , G (9) WL Pllim N(¢) =0 =1, RIFPHELIMES | K4,
IEBA 4 Y(1) =In N(t), i To ARXA[15 dY (1) =[r, —E-r,N(1)/K =& (1 =N(1)/K)*/(46) +
(ro=r,)e (1 =N(t)/K) +&e " (1 =N(t)/K)*/(40) Jdt + o (1) (1 =N(t)/K)dB(t), .

In N(1) = In N, +j;f(zv(s))ds + (1) +f;a(s)(1 _ N(s)/K)dB(s), (15)
Holts fiRORs f(x) =1, E = /K~ (L —x/K)/(40) s 9(0) = [ ((ry=r)e (1= N(s)/K) +

gze_m(l —N(s)/K)z/(4l9))dSo 5l p(t) < ‘ro —re‘ f; e ®ds +§2 j; e—2ﬂsds/(40) = ‘ro —Te‘(l —

e ") /0+E(1-e")/(80°), fIN(s)) ==& (N(s)) /(46K ) + (£/(20K) —=r,/K)N(s) +r, —E —
£/(40)
i) #E<20r,, WE/(20K) <r/K, #f(N(s)) <r, —E-£/(40), X E=r, -£/(40), L
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J(N(s)) <0, XF N(s) €(0,K), Bz (15) W15 In N(t) <In N, +@ (1) + J';o'(s)(l -N(s)/K)dB(s),
Sy :

li};rolgo(t)/t =0, (16)

[ () (1= N()/K)ABG) =6 [ /T=e7 (1= N()/K) dB(s)/ /200 b, s

BRIEIRCE B lim [ or(5) (1= N(s)/K)dB(s) /1 =0, 1 In N(1)/1 <l No/t4(1) /14 [ or(s) (1 -
N(s)/K)dB(s)/t, #i& IHE sup In N(1)/t <0,

i) &€ >120r,,0r/EL, By f,, (N(s)) =f(K(1 =26r,/€)) =0r./& —E <0, FLLf(N(s)) <
0r’/& —E <0, % N(s) e (0,K), [ B ATHE Lim sup In N(0)/t <0, £ 1 lim N(1) =0,
2.2 ThEFROREMLIFLE

EE3 HARSE (9) WL E<r, —-£/(40), WX TAEELEVIE N, e (0,K), RG (9) M

e
lim sup N(t) = p, (17)
H
liminf N(¢) <p, (18)
Hrr
p = (€K -20Kr, +2K,/0(r’0 - £E)) /& (19)

f(p) =r.—E-r,p/K-& (1 -p/K)*/(40) 1£(0,K) L HME—AR, a2, V(o) K IAER 1 JERRIK
FABGELIKT p, BIFPEE LA | KL A 7E

R B f0) =r, —E-£/(40) >0, f(K) = —E<0, #p N f(p)7E(0,K) FHME—HH, Xf(x)
I FRER x = (€K —260Kr,) /&, By xe (0,K) I}, £

f(x) >0, 70,0 V ((£K -20Kr,)/£)) Lk ; (20)
fx) >0, 70V ((£€K -20Kr,) /&) ,p) LI™Hib I ; (21)
fx) <0, fE(p,K) F/™ kB, (22)

HAUEM (17) . A& (17) Aor, WAFEFERS /M e e (0,1), 15 PIO | >e, HH0Q =
{}irBSUP N(t)<p-e&}, HItt, Yoe,, IT=T(w) >0, {Ii15.

N(t,w) <p-¢e,t=T(w), (23)
L (21) K& (23) nl15.
S(N(t,w)) >f(p-&) >0,1=T(w), (24)
A, dEp R AEER I e, P(D,) =1, ffiffVYewe,, M.
tlirilf;a'(s)(l ~ N(s.0)/K)dB(s.0) =0, (25)

REE:T:t (16)’ 3'-(23 EQ’ P('-(23) :1’ 1%1%“V0)EQ3, }iIEQD(t,a))/tZOO FE]?E_'V(I)EQIHQQH-Q@, EE

2 (24) &= (25) 718, In N(t,w) >In N, + jyzw)f(N(.s,w))ds +flp-e)(t-T(w)) +o(t,w) +

'3

j () (1 =N(t,0)/K)dB(s,0) . HATlim inf In N(2,0)/t=f(p - &) >0, FiLl lim N(t,0) =, 15

A (23) FE, #X (17) Wiar.
TuEsL (18), g (18) Apiar, WHE - A/PMI6e (0,1), s PlO,f >5, Hf
0, = {tlirg inf In N(t) >p+8f, HIt, X VYewen,, AT, =T (w) >0, {#i1F.:
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N(t,w) >p+6,t=T(w)o (26)

Mt (22) KX (26) al:
SIN(t,w)) < f(p+8) <0, (27)
FEVwenNnNn, mzx (25) &KX 27), T it=T,(w), In N(t,w) <In N, + le:)w)f(N(s,

1

) ds+f(p+8) (1 =T, () +o(t,w) +j o(s) (1 =N(t,0)/K)dB(s,0) , Hilim sup In N(1,0)/1 <
fp+8) <0, FiLAlim N(t,w) =0, 53X (26) FJ§, Mt (18) L.

1 OEH2 MER 3 KW, E'=r, —£/(40) W IS RIBENL T AR (9) AIBENLEN J1°%.
HE=E", JFH R £ <20r, 80 & > max{20r,,0r/E}, WFEER %, #5 E<E", WAREFLL, 4
0—o I, E"—r,, XS5HEMEE L MLE R —2,

T PE— S R R 0 R shnm & XFKE p RS2

EE4 B E<r, -£/(40), KR (19) dhE X p BIE ¢ Bk%, H

0 <&<2/6(r,-E) =¢7, (28)

M2 p 27, JFHA K(1-E/r), | 0, r/2<E<r,,
A f TBIRAY, im p = — r), im p =
p xE i gamp §H§*p {K(l—l/(r(/E—l)), E<r/2,

iEBR  dp/dg = (2KEE 0 +40Kr,\/0(r20 —EE) —4K@ 1)/ (E3/0(r0 -EE) ) = —2K( /0(r70 -£E) ~
o)/ (EV0(r0-EE)) . X ENERR, HEEARRO0, FrLh do/dé <0, 5 p BEFE & 38 i ™ ks i
/e HIEIAEEN], gliorqp=§li.gq<2K—2K0E/«/0(r§0—§2E) )/2=K-KE/r, =K(1 -E/1,), §lir;gp =((¢")?

K =260Kr, +2K,/0(r20 - (£")?E) /(&) = (4KO(r, - E) —2K6r, + 2K./0°r* —46(r, —-E)EB) /(46(r, -
E)) =(Kr, -2KE +K./(r, =2E)*) /(2(r, - E)) = (K(r, =2E) +K|r, =2E[)/(2(r, -E)) = (K(r,/E -
2) +K|r,/E-21)/(2(r/E-1)), HE<r, -£/(40), FLhr/E-&/(46E) >1, i r,/E>1, Frli
N1 <r/E<2H, Wr/2<E<r B, limp=0; YMr/E>208, WE<r/28, limp=K(1-1/(r/
E_l))o ¢ ¢

TES B E<r,-£/(40), I (19) e il p BIE 6 ek, H

6 >&/(4(r, -E)) =6, (29)
W52 p SFAE BRI, IEELA limp = K(1 ~ E/r,) { 0 s bern
e K(1 -1/(r/E -1)), E <rJ/2,

ERA U E 4 MIEI AT dp/de >0, Bl p Bl 6 AOIE KT ™HIE K. M p = (€K -20Kr, +2K
V(0 -EE/(2r)) —£'E/(4r))) /&€ < (£K -26Kr, +2Kr, (0 - £E/(2r2))) /& = (€K - KEE/r,)/
£ =K(1-E/r,), W p ™kpjaesa LR, Brid lim p = K(1 = E/r,) o [AFE, JefBUE R 4 (9UENT,
WY 2<E<r B, limp=0, HE<r/28f, limp=K(1-1/(r/E-1)).,

2 PRI AR 0 SR AP s R & SRR, Ry Il B AR o s/ sh iR E £ A
AT

lim p =

f—x

3 HEEN
ARHTH Milstein B BIPABHURSE (9) MOSAEN AT, Wl S 0 Rk ik i & X7
REE K.
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3.1 EBNRE & ML
BHelr, =r, =0.7, K=120, E=0.55, N(0) =50, [ 6=0.6, #H£=0.3, WE<r, —£/

(46) =0.662 5, HER3, FERFLE, 4b, 115 p = (£K -20Kr, +2K/0(r10 -£E) ) /¢ =21.372,
HCHUERRS, RGE (9) MM AL lim inf N(1) <21.372<lim sup N(1) . 4l La BTTSE LN 2 b 2

Frrax—a5 8, UiB TRREE N (o) 2K 210372 BT EIDE B, L E=0.7, W E>r, —-£/(40) =
0.496, HIEHL2, FEERY, HUEHEEHRILE 1b,

HEH S AT, p WA & 3G s s b, EEsE & /N, I éE=0.001-0", 15K p =
25.70, XJEp (R, Uk, mEHE3 AU lim inf N(2) <25.70<lim sup N(1) . SHHIN" =K(1 -
E/r,) =25.71 ZAHN BV RS (30) AYIEFA A

dN(t) = N(t)(r,(1 = N(t)/K) - E)dt. (30)

WYL, #E-07, MRS (9) ML THMNMEM RS (30) MR, XhaE4 ™%
HEW], BHAR IR Lo, #0EHE € RIER, W1E=0.599 9—¢" =0.6, W E<r, -£/(40), JFH
r/2<E <r, 151G p=0.015-0, FUELGRELTE 1b, EH 4 45 HUEH]

KL LA, BRI Shm EA R TR, BE i shm AR TREEA

601 r
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Fig.1 The solution trajectories of system (9) and its corresponding deterministic system (6=0.6 )

3.2 EIEEE g B KB

[EE €=0.55, 70 6=0.9, WE<E"=0.616, M3, FEERfrEE, i‘l‘%ﬁpzl4.602, M &
B3 ATHIERE, X N(0) =50, RS (9) MR lim inf N(1) <14.602<lim sup N(1) . [ 2a i
H BB TIX— 4550, B8R T R% (9) MMTEKT 14.602 BT ANE. £ 6=0.3, Hfb
SRR, WA E>E® ~0.448, W2 AR, FERGICA, [ 2b BOBEBU S TR — g

I 2 T, RO 2R 0 A R TR, /A L 0 SRR R K

R 31 ATARE], M 0o B, REE (9) WFERTMIEIERS (30) HIBRIL.
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Fig.2 The solution trajectories of system (9) and its corresponding deterministic system ( £&=0.55)
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3.3 ERaH

N TSR L & MBI R 0 MRS (9) FhRESh 12 sgm, [ e HALSEOR R,
SIMGH T EC 0 BB N(o) PRS0, BUEZSRILE 3 ~ Bl 4,

B3 A T IR 0 X RFE (9) FRAMBEN, HARE £=0.15, HEE3 MR 0
fli: 0.5, 5, 10, HAfhZHH r,=r,=0.7, K=120, E=0.55, W H E<E", fHEM3, £ Lk
O ARERELE, HIEI3 ATRVE N, M 60 =10 B, AP BT IES A6, (HEEE 0 W/hE 0.5,
srAiimAt (W 3a) o HIGAT ARSI, XFF8ER 0 (6 =10), $RyG 5 X FR, mixt FHaqkm
6 (n6=0.5), 1 EMA,

Bl 4 B4 T s € X RS (9) FRAMNEm, HaEE =1, IFEE3 A ARFR E1E:
0.1, 0.2, 0.3, HfhZHHr, =r,=0.7, K=120, E=0.55, WHHSHE<E", fEM3, LR
LN FRRERRSE, M4 WTLUE N, M E=0.1 8, Ml EEGEIESSMm, HAE £3mE 0.3, 4
At (WP 4e) o mtbal IR, X FEARA € (W E=0.1), IRGAGENIFR, X THe 0
(I 6=0.3), fEM53A0 2.

0.12 0.161 0.25
0.14F
0.101 020
o 5012 .
g 0.08 -2010» @0-15
S 0.06 5 0.08F 8
i .06} 220.10
g 004 L &
0.02 o0l 0.05
0 0 10 2lO 30 40 50 60 0 0 l‘() 2l() 30 4‘0 5() (‘>0 0 0 1‘0 20 30 40 50 éO
N N N
a) 0=0.5 b) =5 c) 0=10
E3 0 BUREER M) BFEEESFR( &=0.15)
Fig.3 The distribution of N(#) with different 8( £&=0.15)
0.14 0.12 0.151
0.12 0.10f
20.10 2 2
= = 0.08 = 0.107
50.08 g g
a 0 0.06 =)
;E(0.0( "E( ‘131’(
.04 13 004 %2008
0.02h 0.02F
0 0 10 20 30 40 50 éO 0 0 1‘0 iO 30 4‘0 5‘0 éO 0 0 1‘0 20 36 40 5‘0 éO
N N
a) ¢=0.1 b) ¢=0.2 c) ¢=0.3
B4 ¢EUREMER NoRFRS G =1)
Fig.4 The distribution of N(¢) with different 6 (6 =1)
4 L5
ARSCHESCHR (1] B3R L, 485 T —NH & E RIS Ornstein-Uhlenbeck 3o 78 (1) BEA LR A
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W E™ =r, - &/(40) T DAL B (9) WIBENLE 1%, M E=E" JFHWRE £ <
20r, 8 & >max{20r,, Or-/EYN, FMEEKYS; M E<E°W, FhEERSE, BAN, ERBHRSENERT,
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