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The Approximate Artificial Boundary Condition for the Fractional

Klein-Gordon Equations in Unbounded Domains

ZHU Rongkun, LIANG Zongqi
(School of Science, Jimei University, Xiamen 361021, China)

Abstract: In order to study time-fractional Klein-Gordon equation on an unbounded domain, the Laplace
transformation and the Lagrange interpolation were used to approximately transform the time-fractional Klein-
Gordon equation on the unbounded domain into an integer order partial differential equation on the unbounded
domain. On the basis, the artificial boundary method was used to obtain artificial boundary conditions of inte-
ger order partial differential equation in three different situations, thereby transforming the approxima- tion
problem on the unbounded domain into the initial-boundary value problem with artificial boundary condition on
the bounded domain, and prove the stability of the initial-boundary value problem on the bounded domain. Fi-
nally, finite difference scheme for the reduced problem in bounded domain was constructed and numerical ex-
ample showed that artificial boundary method was efficient to solve time-fractional Klein-Gordon equation.
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0 3%

I3 BB AR o3 2 BB B RN IR B — BT Y B 22003, AU AR Ge B BB AR o3 Bl
O I L1t i i (TN o G i AR | B9 iR O s (A1 O W B | S S TURE AP S 1 PU S I i B O SR Tl
TCFBALE BT R, DR 2 R A R Gt fE, NI E B o3y B AE b2 5 D AR 0 & 4
BRTT R, Wb FIERIF . fesE . PR SRR AL A oRBREN Y B o R
HSIF T MUBUE TR IAD 0 A E A AR B B TR B 2 — B Rh 2 R TR 4k
HH P A i ) RS 2 A ST AR TC R X Y, BRI T A 45 R JE S X IR o B o R, AR AT
TCBRKAFTE Sl | RS (] Th AL R4 SR 3 X I 1) T8 S R 4 BB I RR 23 B8 - (R 3R Jm 3
PR, 250 DX )BT B I o3 7 R R SR gt ke 1 AR Bt Y IRHE AT B RS o . anferise
NI i BAOR A 1A SR A T 5 DX b A sk 7 R A 43R0 Bk o0 RSB A ) — DM Lo e, AN
N5 B B R R A B K A T 5 X A i o0 R — A2 SR 2, TERF AR IR E
SRR T

KT HBB R 0T 7 BN TR IR T, ATESEAS [R5 R A B DX T30 50 2 R
DA IS T T R EHFSE, Han 257 R FH Laplace 288 /5 8] T HUEL SO RSN T R 541000, A
SCHERZA T 4 Laplace J7 BEAMIRLT) — ZR G145 Bloks BE (10 R 3B N T3 B 0F | AR KAV BRI 35
N T R — 2 = kAR Schrodinger J7 FE ARG AR ZR M N T3 LA 48 L T4 5
T T RN T AR T SCERAR 2D, F2 22 9 i DR X S B il o0 T RN Tl R AR B il B4
SR AP AR 1B N 7o T L P Y (L NIV SN X WA L (3B A S W N B B A3 S S S I S T
X I REAERA AR, T H B S ECEAAAE ST S, BT LA JE SR DX E SR AG 43 B i o3 O B A
BN T A s N T3 A2 IRMERY . Gao 251 IR T JC FL IX 38t k8] 20 5 5 vk b B0 A
MRS B T R Zhang 551 FIHIRE B IR BT T JC A IX 480 s (140509 2 KdV 7 B2 (9 T2k
TR, BT HAEM AN TR, AT o R BB JC A . 5 5 AR s, skt
BARY, AT T —FP R TR IR PR Lagrange $7 {811 SR A JC 5L X 38k 43505 fi ol 43
T RO 5%, AR IC SR X BB G o R A AU A A SR X T AR BB D (o3
TR E R, ATABEHEARM /N R SR E R,

ASCEFAFEANT B TEFIX IR B2 Klein-Gordon 75724

oDu(x,t) —a’u, (x,t) +bu(x,t) = f(x,t),(x,t) € Rx(0,T], (1)
u(x,0) = ¢@(x),u,(x,0) =¢(x),x € R, (2)
u(x,t) >0, x1l—>ow,t € (0,T], (3)

Hrbr: suppig,ef € [x,,x, ], suppiff C[x,%,] x(0,7] 51 < a <2;a,b NIETHL, a (1 <a<2)
Iz)/l\Caputo ﬁﬁm%ﬁ“”ilﬁ ng‘u(t) =1/ (2 - oz)flu"(r)/(q- _ t)(“'”dr i
0

1 ANITiHRFZE
1.1 F&HER
3138 11" 4 A R IFE S, J,(t) A Bessel PR, I(¢t) AT I Bessel PR, J,(x) =

i (=D RV (k+v) V) (2/2)*7]) [ 1(1) = i [1/(kV(k+0) 1) (2/2)%* ], N Bessel BREUFI) X

Bessel PREX Laplace 288Ky : LI J, (/A1) ] = 1//s> + A L[ I,(/At)] = 1//s" =X
SIFE2 1,. I, 510 By AL By LAY Bessel BRER, WA 1, (x) = 1,(x) .

R I TR () = X (/) (/2™ ], WAL () = 3 (KGR (w/2) ] =
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40 4o

DLk =1) k1) (2/2)™ ] = X [1/(kHCk+ 1) 1) (2/2)*' ] = 1 (x) o

k=0 k=0

SIE3 1, Ao (v=1) i) LAY Bessel sR%k, WIABEMEX21"(x) =1, (x) +1,,,(x)
EB G0 = X [1/(kk + o) 1) (/2)%] | AR SHC 93]

1'(x) =(172) ,20“2’“ +0)/(kV(k +0) 1) (2/2)"77] = | /;)wc +0)/ (kY (k +0) 1) (2/2)%7 ] +

iWUﬁ!(lﬁ +0) 1) (x/2)* ]} 2 = %i [1/C(RY) (b +v —1)1) (x/2)%7'] +

+o0 40

Y=k +0) 1) (0/2) " 1172 = | X [1/(RN(k + 0 = 1) 1) (2/2)™77'] +

i [1L/(EVD)(E+o+ 1)) (a/2) ™ V2 = (1, +1,,)/2,

1.2 ANIhHR&#%
Caputo 73S FEUWAR Rt , SBCH T ]2 13T ZEA A Z A I ]2 RO, X 45388
I BT R T B RIAENY . S T il —RIxE, XT Caputo 7308408 Laplace 284, AI15%
Li§Du(x, )} = s*u(x,s) —s""u(x,0) —s"7u,(x,0) =
s*Ta(x,s) —s'u(x,0) —s7u,(x,0) ], (4)
Hdr, s HRJEAE & ¢ 8 Laplace 885 B{E 5248 &, o N u I Laplace &t
X} s 4 Lagrange MG (HE LT, W15
s~ (a-1)s" + (2 —a)s, (5)
L (5) AKX 4) L, W75
LIgDu(x,t)} =[(a=1)s + (2 —a)s][u(x,s) —s'u(x,0) —s7u,(x,0)] =
(a =1)s[u(x,s) —s'u(x,0) —s7u,(x,0)] +
(2 —a)s[u(x,s) —s'u(x,0)] = (2 —a)s'u,(x,0), (6)
X3 (6) H Laplace A8, n] 145
Dfu(x,t) = (a = Du,(x,t) + (2 —a)u,(x,t) — (2 —a)u,(x,0), (7)
X (7) MRATFR (1), BRI (1)~ (3) B RlmE
(a = Du, (x,t) + (2 =a)u,(x,t) —a’u,(x,t) +bu(x,t) = g(x,t),(x,t) € Rx(0,T],
{u(x,O) = ¢o(x),u,(x,0) =¢(x),x € R, (8)
u(x,t) 0,1 x1—>w,t € (0,T],
Hfg(x,0) = (2 —a)p(x) +f(x,0) o
BEIANTIHR Y, = (o)l o =51, = (a0l x=x}, ATHRY, | HEHK
R = (-0, +0) BHEINO = [x,,6,] W0, = (- ,x,) U (x,, +o) PIFET,
FETCARIX B 0, [ (8) (AR
(o = Du,(x,0) +(2 —a)u,(x,t) —a’u, (x,t) +bu(x,t) =0,(x,t) € 2 x (0,T],
u(x,0) =0,u,(x,0) =0,x € O, (9)
u(x,t) >0, 1 x1—> 0,1 e (0,T],
XEARE (9) 8 Laplace 2840, 52 U0F AU 0 T 12N
{(a - 1)s’a(x,s) + (2 —a)su(x,s) —a’u,(x,s) +bu(x,t) =0,

u(x,s) >0, xl— o0,
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KA LA b o A5 A
ixas) = {cl(s)e | ,x € (x,, +o ), (10)
c,(s)e”,x e (- ,x,),
Hr, e, (s) e, (s) HREEREGK = V(a-1)s + (2 -a)s +b/a = Ja-1/(a /(s +m)> + 1),
m=02-a)/2(a-1)) ,A =b/(a-1) - (2 -a)/(4(a-1)%),
X (10) FMT

A - KU ) ’ ro + ’
D)/ = | rale) € (5, 4e0) (1)

ku(x,s),x € (- ,x,),
M EAFE RS, X (1) SRR AN TR, B 3 2R,
BRI HA=0, B = (2-a)/(4(a-1)) 8, X (11) AI5H
B (x,5) = :—«/a -1/als + (2 -a)/(2(a - 1))Jﬁ(x,s),x c (xr’ oo ), (12)
» VJa-1/als + (2 —a)/2(a-1)) Ju(x,s) ,x € (-o,x,),
PR (12) 4 Laplace #7284, a4
w (x.t) = { Ja=1/alu(x,1) + (2 —a)/(2(a = 1)) u(x,t) ] ,x € (x,, + ),
Va-1/alu,(x,t) + (2 —a)/(2(a=1))u(x,t) ] ,x € (-», x,),

Ell]
u (x,,t) =-va-1/alu,(x,,t) + (2 -a)/(2(a = 1))u(x,,t)],
u, (x,,t) = va—-1/alu,(x,,t) + (2 -a)/(2(a =1))u(x,,t)],
M, 24 A =0 BF, RIS R (1) ~(3) S0 BN TR B0 2 (EL R AN
(a = Du,(x,t) + (2 —a)u,(x,t) —a’u, (x,t) +bu(x,t) = g(x,t),(x,t) € 2 x(0,T],
u (x,,t) =-va-1/alu,(x,,t) + (2 -a)/(2(a-1))u(x,,t)],0 <t <T,
u,(%,,t) = va-1/alu,(x,,t) + (2 -a)/(2(a -1))u,(%,,t)],0 <t <T,
u(x,0) = @(x),u,(x,0) =¢(x),x € O
ER2 HA>0, B > (2-a)/(4(a-1)) B, & (11) AI5N,

i (xs) _{—«/a—l/a V(s +m)® +Au(x,s),x e (x,, +0 ), (14)

Ja-1/a m&(x,s),x e (—», 1),
M elx,, +o) B, X (14) HMHT
u,(x,s) ==va-1/al (s +m)>/ /(s +m)” + A, u(x,s) + A/ (s +m)> + Au(x,s) ], (15)
X3 (15) 8 Laplace 784, JfFIHIGI3E 1 Rl Laplace W84 (i V-84 K o A5y, 1951

w(x,.1) = —Ja = 1/ale™ foj()(f(t-»r))u”(x,,r)dﬂe jer JoWA (= 1)) ulx,,7)dr] =

(13)

—/a =T /ae™ [, (rt) + A Po(A =) uta,Ddr + A [ €1 6R (= 1))ulx, )],
il

u(x,.1) + Ja—1/ae™u (x, 1) =-m/aAe-"1‘f;[J"o<ﬁ<t S+
e Jo (A (1 = 7) Ju(x, ) dr,
[FIBHATAE, %x e (o x,) BF, u, (x,,t) = Vo = 1/ae™u (x,,t) = o — 1/aphe” f [ (A(t=7)) +
e"Jo WA (t =) Ju(x,,m)dr o WTT, A >0 8, S5H8 (1)~(3) FMr N TR T H) A A 5

http : /xuebaobangong. jmu. edu. cn/zkb



- 354 - FRREM (HRBERRD 5528 %

H
(a = Du,(x,t) + (2 -a)u,(x,t) —a’u,(x,t) +bu(x,t) = g(x,t),(x,t) € Q x(0,T],
u, (x,,t) + va-1/ae™u,(x,,t) =-va - l/a)\ef""ft[,]"o()\(t -7)) +
e J,/A(t =7)) Ju(x,,7)dr,t € (0,T], (16)
u (x,,t) —va-1/ae™u,(x,,t) = Vo - 1/ae_""J [J(JA(t =7)) +
e"J, /A (t = 7)) Ju(x,,7)dr,t € (0,77,
u(x,0) = @(x),u,(x,0) =¢(x),x € Q.
ER3 MAaA<0, B’ < (2-a)/ (4 (a-1)) B, & (11) AJ5R
i (xas) = —Ja-1/a /(s +m)” = (=2 u(x,s),x € (x,, + ), (17)
Ja-1/a /(s +m)* = (=A)u(x,s),x € (-0 ,x,),
Hp

u,(x,s) ==va-1/a(s +m)>/ /(s +m)”> = (= A)u(x,s) +
Ma /(s +m)” — (- u(x,s) ], (18)
Xt (18) M4 Laplace #7848, FF-AFHSIHE 1 Al Laplace 1028 f~E RSP, [R] B2
u (x,,t) + Ja - 1/ae™u,(x,,t) =-va - l/a)te_""f [(I'y(V=A(t-T7)) -

t
0

e"l, (V- A(t —7)) Ju(x,,7)d7, (19)
FIHSIEE 2 . 5133 fordffsr, X (19) W5 R

u(x,.0) + Ja —T/ae™u (x,,1) =—/a - 1/a)\e-m’j')[1'l< JA(t=1)) =L (= At =1)) ]
u(x,,7)dr = - Ja - l/a/\e_""%J[[lz(«/— A(t—7)) +

/=X (=) JuCx, o)dr = [ e, (/=A (=) Ju(x, 7)dr] .

[FIFRAS 20 x =«, BPAG N THOAER0, 2 A <0 BF, M5 (1) ~(3) FSH AR
A B 24 ) Ay
(a = Du,(x,t) + (2 —a)u,(x,t) —a’u, (x,t) +bu(x,t) = g(x,t),(x,t) € 2 x(0,T],

u,(x,,t) + Yo —1/ae™u,(x,,t) =-va - l/a)\e_'m%f[lz( VA =-T1)) + L (V= A
(1 =) Julx, ) /2dr = [ eI, (/=X (£ = 7))
u(x,,7)dr} ,t e x (0,T],

| (20)
u,(x,,t) — Va-1/ae™u,(x,,t) = Ja - 1/a/\ef"”{J' [L(V/=A(t-7)) +
I(vV=A(t-71))]ulx,,7)/2dr -
[ eI, (/=X (1 =) yulx,,r)dr] e x (0,77,

w(x,0) = ¢(x),u,(x,0) =¢(x),x € 2,
RYE A BYIES, A4 T JCA X L A 70 B Klein-Gordon J7 2 (1)~(3) 3 28140 FRIAT
RS . ARt ARSCRMFFEN TR TR ERE (20) MR,
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2 BREMESH

FIE 1 B u(x,) € C*([x,,x,] x (0,T]) ZME (20) MfFE, W u(x,) RICKAREN,

AR E(1) < E(0) + (1/2)]2) [T emydedr , Ho E() = (172) [ [(a - 1) (u,(x,0))* +

@ (,0)" 4 (2= @) [ (uem)r 4 8 () v s B0) = (172) [Ta = D () +

a’(@'(x))" + 0 (@(x))* Jdr .
WERR M ow, (x,0) RLATREA (20) BYSE—30T, 78 [x,x, ] EBUR, FFRIHE (20) B9
=T, A3

f:Ha ~ Dy (x,0)u,(x,1) + du, (x,0)u,(x,0) + (2 = a) (u,(x,0)) + bu,(x,0)u(x,t) Jd +
@, (D Bu(x,00)) + @ (0 BGa(x,0)) = [ e, (e de,

R

di(1/2) fi;[(a D), (x,0))? + P (u,(x,0))? +2(2 —a)j;(uT(x,T))sz 0 (u(x,))? e} /dr +

@, (v O B(u(x,.0) + a'u (.0 Blu(x.0) = [ aeu (e dr. (21)

S, Bu(r) = o= T/ahe™ [ [0 /=A( = 1) = e I(/= A0 = 1) ulx.r)dr +
Va —1/are™u,(x,t) SIAPA BT RS ' (w,0) w0 (x,0) , TR

(o - Dw'” + 2 -a)w” - aw'” +bw"” =0,(x,t) € D,
122 t xx r

w(x,,t) =u(x,,t),0<:<T,

o (22)
w ',y =0,x <x <+,
wl,_, =0,x <x <+o0,
(a-Dw® + (2 -a)w"” -dw'? +b'w? =0,(x,1) € D,,
w(x,,t) =u(x,t),0=<t<T, (23)
w1, =0, —0 <x <x,,
w1,y =0, —0 <x <2,

Hf.D ={(x,0) 1 1l Sx <0, 0<t<T}|;D, = {(x,0) | ~0 <Sx<x,0sSt<T},
Fw® (x,t) a0 (x,0) 590 (22) Bk (23), FE[x,, +0),(—o ,x,] FFSN, IHFRIH
(20) =, =X+, 535

au,(x, ;0 BCux,0)) = d1(172) [ [(a=1) (" (2,0)" + @ (" (x,0))? +
22 =) [ (W (e,1)) 27 + 5 (w0 (x,0))2 de} /e, (24)
a’u,(x,,t) B(u(x,,t)) = d{(1/2) ﬁ;[(a - l)(wfz)(x,t))2 + az(w’fcz)(x,t))2 +

22 =) [ (0 (x,7))2dr + 5 (0 (x,0))2de} /e, (25)
e (24) Rt (25) ARASL (21), 7433
a1 (172) [ [la=1) (u(,0)* + @ (u(x,0)* +2(2 - a)f;(uT(x,T))sz # 6 (u(x,0))? Jd +
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(1/2) JM[(a 1) (0" (x,0))” +a*(w'V (w,0))* +2(2 - a)Jt(wil)(x,T))sz +
B (0 (,0) Jde + (12) L] [la= 1)l (6,0)7 + @ (0 (x,0))" +

2(2 - a)jt(wiz)(x,T))sz + 07 (w® (x,0)) Jdx}/dt = fxyg(x,t)u(x,t)ldxo (26)

é\

E(1) =(1/2) jz’[m ~ 1) (u, (,0))* + @ (uy (2,)) +2(2 - a)J;(uT(x,T))ZdT # 6 (u(a,))? ] +
(172) [ [a =D (2,0)? + @ (0" (x,0)* +2(2 =) [ (wV (x,7))7dr +
P (0 (0 Jde+ (12) 1] [la= 1)l (6,0) + @ (0 (x,0))" +

202 -a)j;(w;”(m))zdr+b2(w<2><x,z>>2]dx,
(27)
G(1) = (1/2) j:gz(x,t)dxo (28)
gh 40 (26) ~2X (28) FFAIH Cauchy-Schwarz AAEXIGE], dE(1) /dt < E(t) +G(t) ,t € (0,T] , Fl
F Gronwall A2 X A5 8] E(r) < E(0) + (1/2)];6”76(7')d7', Bl E < E(t) < E(0) +

(1/2)f;e”c(r>dr, Lo, E() = (172) [Tle - D)) + a(u(x0))® +2(2 -a)

Jt(uT(x,T))sz P 0 (u(a,0))? Jde o SEFH 1 GEEE,

3 ARESEASHEREM

TS UER ] Laplace 84t 5 N T30 07 v R SR A JC S X B0 15 [] 7325 B Klein-Gordon J5 # AU AT
BOE, AR RS (13) OB B BORIASE AL,
3.1 BRESER

WA = [x,%],1=[0,T] ,0=AxI, ¥RKMXIKD = {(x,0) | x, Sx<x,,0<:<T} ik
TS5y, BOEBE M, N, & h = (x, —x,)/M , 7 = T/N ,x, = x, +ih(0 < i< M) ,t, =kt
(0<ks<N), Hh, hESRELK, 7 HEFREIEK,

B QEirEsy, 122, =0, x02 , Hp. 0, = {x | x, =x, +ih,x, = x,,0, = 2,0 <i<M,;
Q =it x, +t, =hkrty =0,y =T0<k<N|, ®{I0<i<MO<k<N} KO, L1
WA REL, 670) = (v —vi )/ (27) L 800) = (0" =207 +02))/7° , 8o0) = (v, =20] +vi)/h* , 8u =
(u:”l —u;)/T, SE S FHE pR A 8] wy, = ful u = (g, uy) fo

SIE 4™ Wy(x) € Clu,a ], Hlw, =x, 0 =0, , WH:y (x) =20 (y(x,) = y(x9))/
h =y (%) [/h == h/3y" (%, + 0,h) , 0, € (0,1) 55" (xy) =20 (y'(xy) = y(2y_))/h]/h == h/3y"
(%, —=6,h) , 6, € (0,1),

FIF s 2 53 2003 Sl 3 T I 1) 25 () B8, ek ks S i ] — B 8k, 455013 4 K 10)
A (13) B

http : /xuebaobangong. jmu. edu. cn/zkb



554 3 Jeoehh ) . BRI /BB Klein-Gordon J7 A2 (T A T3 F 4514 - 357 -

(a =1)8u! + (2 —a)du! - a’8u’ +b’u) =g,
(a = 1)8u), + (2 —a)du), +2a°/h[ Vo —=1/a(8ul, + (2 —a)/2(a - 1)u},) +
(uy = uhy ) /h] + Dug = gy,
(a =1)8u) + (2 —a)du) —2a°/h[u} —u))/h —Va = 1/a(8u) +
(2 —a)/2(a - Dug) ] +buy = g,
u? = QD(xl) ’Bzu(i) = l/,(xi)o
3.2 HEEH
AT Rl o BB R IEA PR 22 0 As =X (28) A RLE
W] 7=1, 28@IXE [ -w, 7], a=b=1, WEHEN u(x,0) = de™, THESR4 R ECH
g(x,t) =4e™/T(5 )™ —'e™ (24" = 1) + e, EIMKE LT IREN E, (M,N) =
F%IMLJLWN,Q%WKEWNSM,ﬁﬂ%ﬁﬁ?%ﬁ%@%lﬁﬁoEﬁlﬂﬂ,ﬁﬁ%
WU, BAB/NOBIEIRZE, JFHEY o BEENT 1 F02 0, BB
1 FAEHEZESKTHRKIRE
Tab.1 The maximum errors with different temporal and spatial nodes

(29)

o (M,N) E,(M,N)
(100,100) 2.64 x107?
10 (500,500) 4.20x107°
' (1000,1 000) 1.50 x107*
(1500,1 500) 5.84x10°*
(100,100) 6.55 %10 7>
30 (500,500) 7.87 x107?
' (1 000,1 000) 8.04 x10 2
(1500,1 500) 8.09 x 1072
(100,100) 1.08 x10 ™!
5o (500,500) 1.10x107"
' (1000,1 000) 1.20x107!
(1500,1 500) 1.20x107"
(100,100) 8.72x107?
L0 (500,500) 9.68 x1072
' (1000,1 000) 9.80x1072
(1500,1 500) 9.84 x107?
(100,100) 2.93x10 72
(500,500) 3.80 x 1072
190 (1000,1 000) 3.92 x10 72
(1500,1 500) 3.94 %1072
(100,100) 5.95x107°
1 9 (500,500) 3.37x107°
' (1000,1 000) 3.39%x107°
(1500,1 500) 3.65x107°

4 Hig

FIIH Laplace 23 Hl Lagrange F{E 7%, T 58K - BN 053 7 FE G AL M 3l AL BB T o T 7,
MAANTH R, BIC R X R 80 Klein-Gordon JTFE#40 A F X F AR A TR
SRR BN IR Ty AR )8, [RIBHIER T A e e, Bodn, M T N T AR B BN i T
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