508 % S5 LEXFFHR (BRFFR) Vol.28 No.5
2023 4£9 H Journal of Jimei University ( Natural Science ) Sep. 2023

[XEHS] 1007 —7405(2023)05 — 0421 - 07 DOI:10. 19715/j. jmuzr. 2023. 05. 05
B 18 9 L B Klein-Gordon F 2RI BR E N FHiE

T M, RRM

(EEAFEFR, B2 EIT1361021)

[HE] W Klein-Gordon T RRRIA R4 15, AT L1 48 XA BT[] 7340 Klein-Gor-
don J5 FEMIEA BR2E 73485, R —FI0HT 14 BE 5t 20 BT 7 B iE WA A B 22 0w U e sl S Rae 1k, |,
T 1 B ) 90 TR 1k 0 A S AT

[XEIA] W 3HH Klein-Gordon R L1 #20; st ; fasEtk

[FHESZES] 0241.82

Finite Difference Method of Time Fractional Klein-Gordon Equation

DING Peng, LIANG Zongqi
('School of Science, Jimei University, Xiamen 361021, China)

Abstract: This paper mainly studies the finite difference method of time fractional Klein-Gordon equation,
and constructs the mean finite difference scheme of time fractional Klein-Gordon equation based on the L1 for-
mat, and uses a new energy analysis to prove the convergence and stability of the finite difference scheme. The
effectiveness and feasibility of the method were verified by numerical examples.
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ARICHESE T B35 B Klein-Gordon 75 2

Du(x,t) —ad'u, (x,0) +b’u(x,t) =f(x,t),x e [-L,L],te (0,T], (1)
u(x,0) = @(x), u,(x,0) =¢(x),x e [-L,L], (2)
u(-L,t) =0, u(L,t) =0,te (0,T], (3)

o, fla,0) HEHBREG o(x) L ¢ (x) HWEPREL, Caputo 73U FECH
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EDfux,t) = (/T2 —a)) | (6-5)'"0%ulx,s)/0s%ds, 1 < a <2, (4)
0

KT a (0<as<l) Brimisr B, A FE MR, (HARX I o (1<
a<2) Primid o TR I, HAUE R AR BT SR LA R Gk, Zhang 452 DRE I 28 08U HE L Klein-
Gordon I FEHATABR 2253 L1 A6 CBTHL, =5 B BFATis g, ML I Bof AR i 4 4k
IEFI A fi b UE B B O SR OB 1Y . Vong %538 a2 440 5 — 248 A1 — 4k s 6] 205X Klein-Gordon
FRRR A 2o 20, AR AS ) 1 4 WISy, IR RE SR UE R T e St AR e
Chen gjf[w: | B 55 3 R figt 1 sk 1] 40 BB AE 2 Klein-Gordon 5 F2 1) B i . FFIERA T H S Bk
SRR E R, SR, T2 g S AR e Ve 4B, KRR PR g fat 1 Tk W 25U (A A
SR S AFEOTE A RRE Y, Sun SR T —RORT I BE B 43T 7 ke 43 A 22 AR i) 3 5B D 43
PR PE SRENE, 45 A K Caputo 4L L1 25 0% NAUAHSCEE R, TEWT 1 I A 43 B IR A I B L
T3 REF WO 7 A BRZE A st SRR e 1k . SR ], X AE A RE I oAy vk L RE e
FHARITE] o« (1 <a<<2) Bl 77 7 i 5 (K i R0, 3 A A BR 22 43 2 e S ik AR v 1k
BRI, AR SOR X FoR ) B 5 43 A i, ™ A3k B B[] 23 25 B Klein-Gordon 75 B2 HY L1 A FR 22 73 4% 20
ARSI S R 1

1  BFESE Klein-Gordon FREERESHIFEE

WA =[-L,L] ,1=(0,T],2=Ax1, ¥RIBEXMO = {(x,0) [-L<x<LO0<t<T|
AT EI Sy, BUFREB M, N, & h =2L/M , At = T/N, x. = x, +i,(0 <i<M) ,t, =nAi(l <
n<N), HihZ2Z=ENK, A 2K,

W QHTHG, 8.0, = ix0<is M|, = 1{t,|]1 <n<N| . 53IAWTIES:8u",, =
(u} —ul )/h,&u = (8ul,, —8ul,,)/h,8u™""? = (u —u/"")/At , u!™"? = (u +u}™")/2,

E SRS R A 0, = {ulu e Q,,uy =u, =0}, NTIEEN uv e w, , &EXLWMTHEEN

M-1

B A (o) = hduw, Jull = VGow) , lul, = max|u|, (3u80) =
i=1 <is<|)
M-1

hz (6xui+1/2) (8.xvi+l/2) s ” qu ” 2= A/ (6xu’6xu) o
i=1

I3 11 B f(1) eC(ty,1,] , 1 <a<2, WHIDY(t, ,,) = [A"/T'(3 -a)] b6/ -
n—1
N (b = b )8 T = b (1) ] + OCAS™) , HF b = (1 + 1) - P, =0,
k=1

132" Fae (1,2],b = (U+1)>™ =P, 1=0, WA:1 =b" > >b* >0 >
b >0, (2-a)l™ <bY < (2-a)(l-1)",
OYBIHET R (w0, R (e, ) ZHEITHEE (1), FEAHINFSF)
6D u(x, 1) +iDu(x;,t, ) ]1/2 = (a*72) [u, (x;,0,) +u, (x,,t, )] + (b°/2) [u(x,,t,) +
u(x,,t,_ )] = [flx,t,) +flx,t,)]2,1<isM-1,1<n<N,
XF ] Caputo FHCRH] L1 A8 E T, 25 [ FHCR ] 0 22508 s i, 153

n-1
(A/T(3 =) (658,077 = D (bl = b )8 U = by, ] =
k=1

AEUT U+ TP AR I <isM-1,1<n<N, (5)
Ul=¢,1<isM-1, (6)
Ui =0,U;, =0,1<n<N, (7)

FRL U = () s £ = fxt,) o FHERAE, GE—A3EC, H [R7|< CAP™ +17) |1 <
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iSM-1,1<n<N, BRI w (U U, NIRRT (5) ~(7) BARZEMEAN

(A/T(3 —a)) [b{V8u] ™ = D (bl = b)8ul™” = by, ] =
k=1

i

8w =bu T w1 <sisM-1,1<n<N, (8)
W=, 1<i<M-1, (9)
up =0, uy, =0, 1 <n<N, (10)

2 WSS E M
N n-1
5133 MEEM ¢ P ew, , A O LT = (b, = bt = b u"] =
n=1 k=1

N N
(X0 P = X b llglP)/2, 1 s m < N, o[ H5 1 ik,
k=1 n=1
SI 4™ WEREHMMEEE g e Q. L = 2L, WARERX g2 < sllsyl + (1/8 +
/L) || (e > 0) BRL.
SIE S SMEBMMERE w0 € w, , >0, WH |w|< |u]?/(4e) +e|v]’,
EE1 (RE) B ue(x,) e C(D), H w0 <i< M| ZUTFRAMT,

i

n-1

(AC/T(3 =) b8l = 3 (b, = b)) 8ul™™ = b%y] =

n-k-1
k=1

a8u - P 1<isM-1,1<n<N, (11)
W =g, 1 <i<M-1, (12)
ug =0, uy, =0,1<n<N, (13)

A [|2,"

2 < [(2a7/(L0*)) (1 + /1 + Li62/a*) T8, U°|* + b7 | @|/a” +2T°7°/(a’T (3 —a)) ||| +
A(TT(2 = 0)/4) 2 |ip= 2 P
IERR M ASui T LI (11), JR¥E i N1 B M -1 3KF, 153

n-1

(AF/T(3 = @) (B8 = 3 (b, = b8l = b0l B0 ) =
k=1

M-1

M-1 M-1
azh 2 (aiu?—l/z >6lu?—1/2 _ b2h Z (u;z—l/2 )8lun—l/2 + h z (f;z—l/2 )Blu;z—l/2 , 1 g n g NO ( 14)
i=1 i=1 i=1

i

S (14) SR AT WA R A IR AR R A R 5%

M-1

a2h2 (6iu21—1/2)8Lu21—1/2 - _ (GZ/(zAt) ) [ ‘ 6xun, 2 _ 6.’(unfl HZ} , (15)
- M-1
= 0h Y (w ) 8u ™ = = (B /A [u P - [u P (16)

KX (15) ~30 (16) AR (14) o, 145

(A /T(3 =) (b§V8ul™ = Y (bl = b)) 8ul™? — by
k=1

i i

Su""?) + (a’/(2A1))

i

M-1

s P = o, 2] + (5/(240) [ | PSR s, (17)
A (17) FELA A, 45 A1) N R, SERUIBIES, 45

N
(A™/T(3 =) Db 8.0 2|2 + (a’/2) |
n=1

*

n
u

st P+ (B/2) | P < (AF/T(3 -a))

N

N M-l
S0l + (/2 o+ (B2 [ + A X AT (e ()
n=1 i=1

n=1
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A (18) FHTIRE2, 155

N
AT /T2 =) Y 862 + (a®/2) 8.6 P + (62/2) [u" [P < (AF/T(3 - a))
n=1

M-1

ibfﬁ{ > + (@®72) [8.u° |7 + (b°72) [u|P + Atﬁhz () 8ul ™, (19)
FSIS, 2 (19) FRIE—T o
Azihg () 8,ul ™ < A(T™/T(2 - a)) y 18,02 | +
= a =
Ar(T*'T(2 - a)/4) ﬁ [V S (20)
Rk (20) fOAR (19) o, 735 .
(@®/2) 8" + (0272) [P < (@®72) |5 u° [P + (0*72) [|u’ [P +

N N
(AT =) T [yl + A(TT(2 = a) /) 3 b5 |2 | (21)
n=1 n=1

MBI AL (AD/T(3 - ) 3 [y = (/T3 —a)) [ylfo & (21) WHR

(@*72) [P + (°/2) [u"|P < (@*/2) I8, P + (B/2) [’ [P +

(T/T(3 =) |p|P + A(T'T(2 - &) /4) Z T (22)
R (22) WS K
[8.6"|F + (b*/a®) [u"|P < [[8,u°|F + (b*/a®) [ +
2y /(TG =) + ATT2 - a)4) 3 [ (23)
PB4, H (1/e +1/L) /e = b/’ , Blle = [(2a*/(L,6*)) (1 + /1 + L6 /a®) ], WK
(23) 7R
[ B <[Q2a™/(L67) (1 + /T +L567/a) T 8,u" P + (67/a) [[u"[P] <
(a4 ST L0/ T 5P+ (6 /a) g + (24)

Q7| 2/ (’T(3 = a)) + A(T'T(2 - ) /4) 2 T
JEFR 1 IEER
FBIFAEEL | AED], 225t (1) ~(13) AUIF sk, MEm2,
EE 2 (Mestt) BB ub) e G, ulen) TR (5) ~(7) 1,
W' |0 <i< M1 <ns<N| BARZEMEX (11) ~(13) W%, ide! =ulx,t,) -u, 0SisM, 1<

n< N, WA |, <C A +r) , Hif, ¢ = JI(&/(L) (A + /1 +Lb/a)[(T'TQ2 -a)/2),
ER L (5) ~X (7)) Wik (11) -0 (13), B3

n-1
(A/T(3 =) (b8, = D, (bl = b))l ] =
k=1

a’8el™? — by RV 1I<isM-1,1<n<N, (25)
e =0,1<isM-1, (26)
eg =0,¢, =0, 1 <n<N, (27)

X (25)~X27) FIHEH 1, B2 ]2 < [Qd/(L6))(1 + /1 +Li67/a*) ] (T7'T(2 -
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a)/4)At2Hml/2H2 = [(/(L))(1 + J1 + L0 /a*)](T'T(2 - a)/2)At2HR”’”2H2 <
(/L)) (1 + /1 +L6/a®)J(TT(2 - a)/2) (AP + 1) o B H P T H 5 (), <

[(&®/ (L)) (L + /1 +L07/a>) ] (T°T(2 —a)/2) (AP + h*)* , EF 2 jERE,

3 HEHF

AR B ) TR A A R 2S48 2 (11) ~(13) ByIRZEAG Sy, HUstE 7=1, A&
Av=1/N, %W L=5, ZHERA=2L/M, a=b=1, iLE, (h,A) = max | u(x,e,) —ul, B
WS A Order, = log, (E, (h,At)/E, (h,At/2)) , 23 [AIESH K order; = log, (E, (h,At)/E_ (h/2,
At)) o

B 1 % B A543 B Klein-Gordon #E: (Dfu(x,t) — a’u,(x,t) + bu(x,t) = f(x,1), x €
[-5,5],te(0,1] ., hF&M. u(=-5,t) =0, u(5,t) =0,te (0,1] . WEFEM: u(x,0) =0,
u,(x,0) =0, xe[=5,5], HFE (1) ~(3) BIK f(x,0) =60 /T(4-a) —e™ (4% -2)0 +
e o R (1) ~(3) KN u(x,t) = e

F1IHEBRT a=1.3, 1.5, 1.8 M A =1/10, 1/20, 1/40, 1/80 2Z/0#= (11) ~(13) iR
2SI, IR 1 R DI, 2000 (11) ~(13) FETEZ5 BT YIS ) 7 0] EWesb ol 3 - o
KoA/BT a=1.3, 1.5, 1.8 FIM =10, 20, 40, 80 Z/M#&= (11) ~(13) 7 T =1 kbR L
S, MRNICTFE T RS RS R 2, & 1 M2 iTLUE, 2204630 (11) ~(13) ARSI
By, T H A LS RS AT A R R — B
F1 61 HARRESK THRKIRERKSH (M=100) %2 61 WARZESK FHSKIRERISIH (N =1 000)

Tab.1 The maximum errors and convergence orders ~ Tab.2 The maximum errors and convergence orders

with different time node for example 1 (M =1 000) with different spatial node for example 1 (N =1 000)
@ At E, (h,Ar) Order, o M E, (h,At) Order,
1/10 8.3855x107° — 10 7.691 5x107° —
1/20 2.597 0x107° 1.691 1 20 1.8386 x107° 2.064 7
b3 1/40 8.031 4 x10* 1.693 1 b 40 4.4955x10°° 2.032 1
1/80 2.492 7 x107* 1.688 0 80 1.119 8 x10°° 2.005 3
1/10 1.936 5 x10 2 — 10 6.337 2 x1072 —
1/20 6.927 0x 1073 1.483 1 20 6.927 0x107° 1.985 5
b2 1/40 2.463 8 x 10 1.491 4 b 40 3.964 3 %10 2.013 1
1/80 8.7477x107* 1.493 9 80 1.002 2 x10* 1.983 9
1/10 5.9534 %1077 — 10 4.4422 %1077 —
1/20 2.631 7 x1072 1.177 7 20 1.1133 %107 1.996 4
b8 1/40 1.154 8 x 102 1.180 0 -8 40 2.689 5x107° 2.049 4
1/80 2.1793x107° 1.188 3 80 6.700 7 x107* 2.005 0

B2 %A F B Klein-Gordon /72 (Du(x,t) — a’u, (x,t) + bu(x,t) = f(x,1), x €
[-5,5],te (0,17 o WAREM: u(=-5,t) =0, u(5,t) =0,1 € (0,1] , WHEFMF: u(x,0) =" =25,
u,(x,0) =0, x € [-5,5], HEE (1) ~(3) I H: flx,t) =6(x> =25) /T (4 -a) =2(r +1) +
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(2 =25)( +1) . FHE (1) ~(3) HEWMEN u(x,t) = (&2 =25)(F +1)

[E 1, B2 g5 7 A ORI ZS (8] 7 10 L JC o5 T iR 22 FIlsi i, haR3 WLLEH, M a=
1.3, 1.5, 1.8, BFEZLRA 172 (50 ar, 2504850 (11) ~(13) BYBFEJ7m B2 3 - a Brilesi .,
ME4ADEN, Ya=1.3, 1.5, 1.8 BZESHA (11) ~(13) FETCH BT W= @] gy 1a) sk b
K2, XGEM2 F MM Z O(AC™ + h?) B—F0, DiBIBUE S RIS i 2 —3K

R3 F12 HIARREISK FHERRERBESM (M =1000) R4 512 HARZESK FHEKIRERBSH (N =1 000)

Tab.3 The maximum errors and convergence orders Tab.4 The maximum errors and convergence orders
with different time node for example 2 (M =1 000) with different spatial node for example 2 ( N=1 000)
a At E_(h,At) Order, o M E_ (h,Ar) Order,

1/10 1.1122x10"" — 10 2.9499 x10°? —
1/20 3.448 2 x 1077 1.689 6 20 7.1292 %10 2.048 9
b 1/40 1.064 8 x10? 1.695 2 3 40 1.768 4 x10~° 2.0113
1/80 3.2827x107° 1.697 7 80 4.4359 x107* 1.995 1
1/10 2.470 4 x107! — 10 2.5431x1072 —
1/20 8.8458x1072 1.4817 20 6.266 0 x107* 2.021 0
b2 1/40 3.146 9 x 1072 1.491 1 b 40 1.5723 %107 1.994 7
1/80 1.1159x10°? 1.495 6 80 4.0734x107* 1.948 6
1/10 7.116 8 x10™! — 10 1.9139 x1072 —
1/20 3.1312x107" 1.184 4 20 5.048 4x107° 1.922 6
b8 1/40 1.371 1 x107" 1.191 3 -8 40 1.447 6 x 10~ 1.802 2
1/80 5.988 1 x107? 1.1952 80 5.4539x107* 1. 408 3
4 Hig

ASCH BT et 0 i 75k, UEWT T B[] 73 28T Klein-Gordon J7 B bR 1E L1 250 A% AR 2 ME S
Wesshk . BUE B UEM, 20rik AR KT MR BTk, N BT T LR
RESE I 7 VR L B At s 18] 0 BB i e o 75 b, IR I HCA BR 2 s >k A A 7 1R RISC 8t
BRUCZ A0, ORI LA, BT L2 B N e i 20 A 12 Rk BH I 18] 23 B0 B 33 D7 A v Y 180 22 53 s R PR
WSk,

[ &% Wk ]

[1]DEHGHAN M,YOUSEFI S A,LOTFI A. The use of He’s variational iteration method for solving the telegraph and fractional
telegraph equations[ J]. International Journal for Numerical Methods in Biomedical Engineering,2011,27(2) :219-231. DOI .
10. 1002/ cnm. 1293.

[2]DU R,CAO W R,SUN Z Z. A compact difference scheme for the fractional diffusion-wave equation[ J]. Applied Mathemati-
cal Modelling,2010,34(10) :2998-3007. DOI;10. 1016/j. apm. 2010. 01. 008.

[3]ESMAEILI S,SHAMSI M. A pseudo-spectral scheme for the approximate solution of a family of fractional differential equa-
tions[ J ]. Communications in Nonlinear Science and Numerical Simulation,2011,16(9) :3646-3654.

[4]MILLER K S,ROSS B. An introduction to the fractional calculus and fractional differential equations[ M]. New York ; Wiley,
1993.

[5]OLDHAM K B, SPANIER J. The fractional calculus[ J]. Mathematical Gazette, 1974,56 (247) :396-400. DOI: 10. 1007/
978-3-642-18101-6-2.

http : /xuebaobangong. jmu. edu. cn/zkb



5 TS, 4. BFESE0% Klein-Gordon R U BR 2543 7 1 - 427 -

[6]PODLUBNY 1. Fractional differential equations[ M]. San Diego: Academic Press,1999.

[7]OLDHAM K B,SPANIER J. The fractional calculus:Theory and applications of differentiation and integration to arbitrary or-
der[ M]. New York:Dover Publications Inc. ,1972.

[8]METZLER R,KLAFTER J. The restaurant at the end of the random walk ;recent developments in the description of anomalous
transport by fractional dynamics[ J]. Journal of Physics A General Physics,2004,37:161-208. DOI.10. 1088,/0305-4470/37/
31/RO01.

[9]KAI D. The Analysis of fractional differential equations[ M ]. Berlin Heidelberg: Springer,2010.

[10]BAGLEY R L, TORVIK P J. A theoretical basis for the application of fractional calculus to viscoelasticity[ J]. Journal of

Rheology,1983,27(3) :201-210. DOI;10. 1122/1. 549724.

[11]CUI M. Compact finite difference method for the fractional diffusion equation[ J]. Journal of Computational Physics, 2009,
228(20) :7792-7804. DOI;10. 1016/j. jep. 2009. 07. 021.

[12]ZHANG J,WANG J R,ZHOU Y. Numerical analysis for Klein-Gordon equation with time-space fractional derivatives[ ] ].
Mathematical Methods in the Applied Sciences,2020,43(4) :3689-3700. DOI;10. 1002/mma. 6147.

[13]SUN Z Z,JI C C,DU R L. A new analytical technique of the L-type difference schemes for time fractional mixed sub-diffu-
sion and diffusion-wave equations [ J]. Applied Mathematics Letters, 2019, 102; 106115. DOI; 10. 1016/j. aml. 2019.
106115.

[14]LYU P,VONG S. A linearized second-order scheme for nonlinear time fractional Klein-Gordon type equations[ J]. Numerical
Algorithms ,2018 ,78 :485-511. DOT;10. 1007/s11075-017-0385-y.

[15]VONG S,WANG Z. A compact difference scheme for a two dimensional fractional Klein-Gordon equation with Neumann
boundary conditions[ J]. Journal of Computational Physics,2014,274.:268-282. DOI;10. 1016/j. jcp. 2014. 06. 022.

[16 ]VONG S,WANG Z. A high-order compact scheme for the nonlinear fractional Klein Gordon equation[ J]. Numerical Methods
for Partial Differential Equations,2015,31(3) ;706-722. DOI;10. 1002/num. 21912.

[17]CHEN H,LU S,CHEN W. A fully discrete spectral method for the nonlinear time fractional Klein-Gordon equation[ J]. Tai-
wanese Journal of Mathematics,2017,21(1) :231-251. DOI;10. 11650/tjm. 21.2017.7357.

(18PN, w4, Zr B i o Ty RE A BR 22 23 i [ ML e st Bzt aiat 2015,

(BfERE DE4%t ZHXHEK #HIRME)

http : /xuebaobangong. jmu. edu. cn/zkb



