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Dynamics of a Stochastic Predator-Prey Model with Fear Factor
LI Jiang, WEI Chunjin
(School of Science, Jimei University, Xiamen 361021, China)

Abstract: In this paper, the dynamics of a stochastic predator-prey model with fear factor were investiga-
ted. First of all, it was proved that there was a unique positive global solution starting from any given initial val-
ue. Then, sufficient conditions for extinction and persistence in mean were obtained by comparison theorem for
stochastic differential equations. In addition, it was proved that there were unique stationary distribution and
they are ergodic. Finally, some numerical simulations were introduced to verify the main results.
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B [16] IS a5 R AR 1A
dx = [roaf(k,y) —dx —ax® = g(x)y]dt, (2)
dy = [ = dyy + cg(x)y]de,
Hrre fCh,y) RRMERE kOB IR SO AT AW RMARE R rg WEEHMANEIKE,; o h
BHFNTES; o WAL, g(x) NINRERIIRE; d.(i = 1,2) HARILTE,

FE b, BR TSR SR EAT MR SRR A R, Ah, B AR b g BEL T
PRAL AN, FREEAEIR B PR T B G 22 32 B4 R BEAL T2t 7 Bk, 5 M A AR
bb, BEHUBAIET BT BSPE, Z80SCHk [20 -21] BIRE, ARSCHERRL (2) AYFEARE X REALE 7Y

{dx = x[r/(1 + cyky) —d, —ax —py/((1 +qx)(1 +¢,k))]dt + o,xdB, (1), (3)
dy = y[epa/((1 +¢,k) (1 + qx)) — hy —d,]dt + o,ydB, ()
HATHESE, H: o) o, S IF0R AR R AERMERR B & RO N RREAR; ol (0 = 1,2) FRA
MEPSSREE ;s B (¢) . B, (t) ;e HE M BIARHEA Bz 3,

1 &R
A (P F,] o P) B AT | B BTN (|5, L RATESRIEN,
F, &I AENE) &R sm, MEER, AU Tie%: 1)R,:= {x:x >0}, R :=

V(o %, ,0,%, ) %, > 0,0 =1,2,- 0}, ‘X(t) ‘:: /ix? ; 2) ﬂn%f(t) EAFRY, & X <f(t)>r =
(/m) [fds 3) MR F) AT, XS = sup/() . [ = inf f(0) 5 4) KF—A7E [0,%)

RIRREL z(t) , B {z(1))" = lir{lﬂsoup(l/t) j;z(s)ds ,(z(8)), = lirtrixi)nf(l/t) j;z(s)dso

BEALG T 7 2

dx(t) = f(x(e),0)de + g(x(t),t)dB (1) (4)
FIFCAE (1) = (x,(2) ,2,(2) ,=o,x, (1)) (t =0) , H, fe L'(R" xR, ,R") ; ge ’(R" xR,,
R"™); B(t) & n AT WE 5

P (FaEME—PEER) B (e () ,0) Il g(a(e) o) KTF x(e) TR THEKME: 1) R
Lipschitz 251, fffEc, > 0(k =1,2,--+) , i3 Va,y e R H x|V |y|<k, B [f(x,t) - f(y,0) |V
lg(x,t) —g(y,0) [S ¢ lx—yls5 2) LMWK AN, A >0, fifd fla,t) |V g(a,e) | <
e[+ |x||, V(x,0) e R" xR, MFIRFMH 2(0) = x, € R"IIRGE (4) FAAEME— S0 R0
x(t)(t e [0,7,)) , 7, EHERINTE,

EE 2P (o Ax) ") (¢=0) J& o ol FE, HBEHL A de () = () de + g()dB(1) ,
Het, fe I'(R,,R") ; ge I2(R,,R™™) . & V(x(t),1) e C*'(R" xR,;R) , W V(x(1),0) 3R
& To R, HAAMALGEL: dV(x(e) ) = V(x(t),0)de + V (x(t) ,t)dx(t) + (1/2)dx" () V,, (x(t),
t)dx(t) o

X1 Fa(r) RRG (3) MATEM, W, 1) %rljﬂ inf (1/t) f;x(S)dS >0, WFRFhHE
x(t) NIRRT 2) %,ljﬂx(” =0, WIFRFIHEE x(2) KL,

WX(1) J& R 1Y A f Markov 1 F2, W] /R R BEAL G O B dX (1) = f(X(1))de +

S &, (X(0)dB, (1) S HIEHEN : ACX) = a,(0) L a,(0) = Y (g (X).

SIE 177 X Markov i 7% X(¢) , & HAEMLAMARXIK U e RO AUFPES: 1) XHME
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Blx e U, VEUEREAX) M/ MEEERIERR; 2) FEIER C- B8V, B LVERN U LY
FE, W) Markov 142 X (1) FFAEME— R DI R A w(-)
512 4 x(1) e CLOXR, R ], 1) #HHEFEER R, THa=0, #1554 > TH, Inx() <

aT—aOfx(s)ds+ i,BBv(t) Hg(1<i<n) MR, LA IELRE, B,(1 <i<n) WL
bR Wiz s, <x> < /oy SEILFIER; 2) HEAELEE Mo, TFla=0, 1524 > TH,
In x(1) ;aT—a0j0x<s>ds+ ZBiBi(t) Hiig (1 <i<n) WR, FEHRGESRK, B(1<i<

n) RHMSIAMEAR B, W (x) " = o/,
513 3% XHMEE x>0, y>0, 0<O0<1, AERx(1 —x) +2x <2Jx . (v +y)" <2’ +y" WL,

2 ZRERMEER
EE3 IMERLERIVIE (£(0),y(0)) e R, RGE (3) TEre[0,0) FFTEM—IEM (x(1),
y(1)) , HEUBRAAET R, .
iERR HEHEE
du = [r/(1 + c,ke’) —d, —ae" —pe’/((1 +¢,k)(1 +qe*)) —o1/2]dt + o,dB, (1),
dv = [ —d, —he' +cpe"/((1 +c,k)(1 +qge*)) —o03/2]dt + 0,dB, (1),
VAR, RGE (5) WRJRHE Lipschitz 20, WRGAFEME— M RAHE (u(t) ,v(1))e R: [t €[0,1,) ,
Hodr, JRIBEBEE] . 3% (x(2) ,y(2)) = ("7 ,e"") BAA (3) WA (2(0),y(0)) e RL ()
ME—JRERAE, S TIERLX MRS RR, RWIE 7, = 40,
Lk, >0 BUEK, 15 (x(1) ,y(1)) € [1/ky,ky) x [ 1/ky ko] , SFTALRMIESE=E, , & X—
AMERFS]: 7, = inflt e [0,7,) (1) € (1/k,k) 8 y(t) € (1/k,k)},
E L inf ® =+ (PRE-ANTE), BRYE— o B, 7, BHRFBIEW, Hr, <7,, TEA

TwzhmT,i,/":PT <To._[ﬂ:, /\ﬁﬁl n}aT —> ®© 4

—+ o0

B 7, #o , WEEHEKT, =0, ee (0,1) MI—IE¥E L =k , 3 PIr, <T|=¢,
Vik=k,
SE LA C-BRBL V(x,y) :R2—>R,, V(x,y) = (x =1 -Inx) +(y -1 -Iny) , i o AAF5
dV(x,y) = LV(x,y)dt + (x - 1)0o,dB, + (y - 1)0,dB, ,
LV = x[#/(1 +c,ky) =d, —ax —py/((1 +qx)(1 +¢,k))] = [r/(1 + c,ky) —d, -
ax —py/((1 +gx) (1 +ck)) ] +ylepx/((1 + ¢, k) (1 +qx)) —hy —d,]| -
[epa/ (1 + k) (1 +qx)) —hy —dy,] +01/2 +03/2 <-ax’ + (r —d, +
a)x —hy +[ (1 +e)p/(1 +¢,k) —dy +hly +d, +d, +0,/2 +05/2 <
(r—d, +a)’/(4a) + [ (1 +c)p/(1 + ¢,k) —d, + h]*/(4h) +
dy +d, +0/2 +05/2:=K >0,
JEEAE S S0k [26] 25, TR

(5)

3 MEHEHEASRE%E

FE4 W), y(O)RRG (3) WEVHFEM x(0) >0, y(0) >0 FAEEM, WXMEEm =1,
H:E(x"(t)) <L(m) ,L(m) =max{m(m/a)"[ (1/m+r—-d, + (m=1)0,/2)/(m+1)]"" x(0)" }O
FIFE, Xt Fn=1, A:E(y" (1)) <M(n) ,M(n) = max{n(n/h)"[ (1/n+cp/(1 +c,k) —d, + (n -
D)o3/2)/(n+1)]" y(0)"},
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WA 4 Q(w,t) =ea™, Hm=1,NH o A, dQ = me'x"[1/m +1/(1 + c,ky) —d, -
ax — py/((1 + gu) (1 + ¢,k)) + (m = 1)o;/2]dt + me'x"o,dB,, I, E(Q(x,1)) = x(0)" +

mfe‘x'"[l/m+r/(l + eky) —d, —ax — py/((1 +gx) (1 +¢,k)) + (m = 1)o;/2]ds < x(0)" +
0

mfe'cx'"[l/m +r-d, —ax +(m-1)o2]ds . iCfi(x) =x"(I/m+r-d, —ax + (m -1)0./2) . %
0

R A (x) =ma" " (I/m+71-d, —ax + (m =1)07/2) +2" —a, f,'(x) =0, 2" =m(/m+r -d, +
(m=-1)01/2)/(a(m+1)) o XERf(x)" <0, Wfi(x), =fi(x") = (m/a)"[(1/m +71-d, +

(m-1)o/2)/(m + 1)]™", KL, E(e'x™) < x(0)" + mfe‘(m/a)"’[(l/m +r—-d, +(m-1)

ar/2)/(m +1) 1" ds = x(0)" + m(m/a)"[ (1/m+r—-d, + (m =1)a/2)/(m+1)]"" (' =1) , T
FEGR") < {x(0)" =m(m/a)"[(V/m+r -d, + (m =1)0/2)/(m +1) 1" e™ + m(m/a)"[ (1/m +
r=d, + (m - 1)a1/2)/(m + )" #8241 =08, E(x") < x(0)"; ¥1— o B, E(xa") <
m(m/a)"[ (1/m +r—-d, +(m-1)o1/2)/(m+1)]™" 0 2 L(m) = max{m(m/a)"[ (1/m +r -d, +
(m-1)01/2)/(m + 1) 1" x(0)"} , WA X m=1, E(x") < L(m) ,

FIBAE, A M(n) = max{n(n/h)"[(1/n + cp/(1 +¢,k) —dy, + (n = 1)02/2)/(n +1)]"",
y(O) "}, WA X =1, E(y") < M(n),

EES Ba(t)., y()2RGE (3) WEMIRZFx(0) >0, y(0) >0 WMEERE, W. 1) &d, +
0172 < /(1 + c,kM(1)) = pM(1)/(1 + ¢;k) , WIFPEE x(¢) FIFER; 2) #d, + 0772 < /(1 +
EM(1)) =pM(1) /(1 + k) Hod, + 0272 < ep/((1 +¢,k)q) , WFHEEy (1) FEFA

MR EHSEM AL (3) B—AIrENE: d(Inx) = [7/(1 +6,ky) —d, —ax —py/((1 +qx) (1 +

e k)) —o1/2]de + o,dB,, XTHMHM 0 2] ¢ HFTFAE: (In x(1) - Inx(0))/t = (1/1) fr/(l +
eky)ds — (d, + 01/2) = (a/t) j;x(s)ds - [p/((1 +ck)t)] f;[y(s) —qgx(s)y(s)/(1 + gx(s) Jds +

M)/, Fosl M, (1) = [ B, () o2, h R SSEACEGE T 2% L M, (1) /1 = 0 . ERES)
y <M(1) , TEA (Inx(t) =Inx(0))/t = [r/(1 +c,kM(1)) =pM(1)/(1 +¢,k) —=d, —07/2] = (a/t)
fx(s>ds o MBI 4538 2) W (w) . = [/(1 +c,kM(1)) —pM(1)/(1 +¢,k) —d, —0:/2]/a &
JUPFHER, B d, + 022 < r/(1 + c,kM(1)) —=pM(1)/(1 + ¢,k) B, (x), >0 ZIJLPHER.

T RZIEMEHENIrAE, BAFEEENE, NEYSMELE, SHNRASHEERAN
B, A« (o) fAER/ME, iIEH X" . ARG (3) B AR d(Iny) = [epa/((1 +
k) (1 +qx)) —hy =d, —03/2) ]dt + 0,dB, . EER epa/[ (1 +¢,k)(1 +gx)] = [¢/(1 +¢,k) ][ (p/q -
p/(q(1 +qx))] = [e/(1 +¢,k) I [p/qg = p/(q(1 +¢X")) ], W d(Iny) = [ep/(q(1 + ¢,k)) -
dy —02/2]dt = [h +ep/(q(1 +¢,k) (1 +gX*)) Jydt + o,dB, o XSFHEHBHM 0 2] ¢ TS (In y (1) -

Iny(0))/t = [ep/(q(1 +¢,k)) —d, —03/2] = [h +ep/(q(1 +¢,k) (1 +qX*))]f;y(s)ds +M,(t)/t,

SR ML (1) = [ ordBy () MTRRBRE. SRR CEIAT 1% lim M, (1)/1 = 0 . WAHEDIHL 4

©2) Wy, =[ep/(q(1 +¢,k)) —=dy —03/21/[h +ep/(qg(1 +¢,k) (1 +¢X™)) ] BILFHER,
B4 d, + 0'3/2 <ep/(q(1 +c,k)) B, (y), >0 ZJLFHER,
EEO6 W), y(o)BRG (3) WEAMHRANF x(0) >0, y(0) >0 BEREM, W. 1) & r <
http : //xuebaobangong, jmu. edu. en/zkb
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dy + 072, WRHE () Ky 2) Hep/(q(1 +c,k)) <d, +0°/2 , WFEE y(1) K4,

WA A de = x[ /(1 + c,ky) —d, —ax —py/((1 +qx) (1 +¢,k)) ]dt + o,xdB, , JFLAd(Inx) =
[r/(1 +c,ky) =d, —ax —py/((1 +qx) (1 +¢,k)) —o7/2]dt +0,dB, < (r -d, —ax —;/2)dt +o,dB, ,
wWhx) =r-d, —ax —0./2, WAL (x) ==a <0, Fillf(x),, =£0) =r-d, —0/2, F
Zd(lnx) < (r-d, -0:/2)dt +0,dB, , lllnx <Inx(0) + (r —=d, - 0:/2)t +0,B, ., HJRTRHIR
KBCEHEA1S lir,n}sup Inx(t)/t < lirflwscup[ln x(0)/t+ (r—d, —0:/2) +a,B,/t] =r—-d, —0:./2,
il r<d, +o0,/2H0, lirflsup Inx(t)/t <0, B ,lirilx(t) =0,

MRS (3) B AHREAH, d(lny) = [epa/((1 +¢,k) (1 +gx)) —hy —d, —03/2]dt + 0,dB, <
Lep/(q(1 +¢,k)) —hy —dy, —a3/2]dt + o,dB, . FIFEATES, 2 ep/(q(1 + c,k)) < d, + 03/2 I,
limy(#) =0,

E1 O EHS FER 6 KW, Mep/(q(1 + k) < d, + o2/2 B, Rl y(0) K4, [z, Fhit
y(t) FHFFA . HILATIW, FIREFS IR o, XIRIEE y (o) BIAEFERBRIEN, YMr<d, +o/2 B, Fl
BEx(0) KA, RZ, Yoy =0, #ir=r/(1 + ehkM(1) > dy +0%/2 , WEEE () FRFA; %
e, >0 0, #F1/(1 +c,kM(1)) <d, +01/2 <r, Fffx(e) BFRFAS KL M ICEFIW, HLaT i, &
MR FSR I o, R B0 AR AR EE o) XPFPHE 2 (¢) POAEAFA BRI R

4 BHEFRISHHNEFEEMNE

BT HAri=cp(r—d, —o:/2)/(r(1 +¢c,k)(a+qr)) —d, —o3/2 >0, WHRG (3) FIEME
— A AR A (- ) o

IERR N TUERHERE 7, WEKIESIF L RS 1) L KME2) . RE (3) WYHUEM A =
(70 ) wmr ). i),

0 o3y

MRS (3), HL(x) =-ax’ —dx + /(1 + c,ky) —pxy/((1 + k) (1 +gx)) < —ax’ <
—r(1 +qx)/q +r(a +qr)/(qa) , HPEZNRESH a(x - 1/a)® = 0158], WA, L(y) =-h’ -
dyy + pexy/ (1 +¢,k) (1 +qx)) <—hy" =dyy +pexy , L(=Inx) =ax +d, +py/((1 +¢,k) (1 +¢x)) -
/(1 +c,ky) +01/2 <ax+ (re,k+p)y —r+d, +0./2, L(=Iny) = hy +d, —cpx/((1 +¢,k) (1 +
qr)) + 03/2,

SV, =—Iny+¢x, WLV, <hy +d, —cpx/((1 +¢,k) (1 +qx)) +03/2 —h,r(1 +qx)/q +,r(a +
qr)/(qa) <=2 /p,epr/(q(1 +c,k)) Jx +hy +d, + 03/2 +p,r(a + gr)/(qa)

AV, =ax/(2r) =Inx/r, WLV, <ax(1 —ax/r)/(2r) + ax/r + (re,k +p)y/r = (r —=d, —07/2)/r <
Ja/rx + (rek +p)y/r = (r —d, —01/2)/r , HHE ARG S @EI 3 135,

LV, =V, +2./epr’/(qa(l + ¢,k))V, + [h +2(re,k +p) Jp,epr’/(qa(1 + ¢,k)) /r]y/d, , W
LV, <-2./,epr’/(qa(l +¢,k)) (r=d, —o1/2)/r +d, + 05/2 +f,r(a + qr)/(qa) + ,xy , Hp
W, = eplh +2(re,k +p)Jepr’/ (qa(1 + ¢,k)) /r]/d, >0, By, = cpga(r —d, —a:/2)/[ (1 +¢,k)(a +
gr)’r ], MLV, <-A +gny, HP A= ep(r=d, —0772)/(r(1 +¢,k)(a +qr)) —d, —03/2 >0,

LV, = (ex +9)™/7(0+1) , Ho, 0<0<1, WMLV, =clex +y)°[ - ax® —dx + /(1 + c,ky) -
py/ (1 +¢,k) (1 +gx))] + (ex +y)'(=hy” —=dyy +cpxy/ (1 +¢,k) (1 +gx))) +0(ex +y) " oia’/2 +
O(ex +y) o3y’ /2 < (ex +9)°[ —acx” +c¢(r—d,)x —hy’ —dyy + 005>/ (2(ex +y)) + 003y /(2(ex +

Y] <-ac" + 0 (r=d)x" = by —dy'T we(r = d))xy" + 00 ") (coix + aay) /2,
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BV =MV, +V,, HINS M(-A +xy) —ac""" + 7 (r —=d))x"" —hy™" —dy"™ +c(r —d,)xy’ +
O(c’x" +y") (cotix + a3y) /2 <= MA/4 + M( = A4 + Yxy) — ac''x*7/2 = hy*™/2 + (= MA/2) +
sup [ —ac"'x*/2 —hy* /2 4+ (r=d))x" —dyy" T v e(r=d)xy’ +0(x" +97) (cotx +oay) 2],

(x,y) eR*

Hor, M = (2/0)max{2, sup [ —ac'™x*"/2 —hy***/2 + " (r —d)x""" —dyy'™" + c(r = d,)xy’

(x,y) €R%
0(c’x" + ") (cotx +a3y) 2]} o EXFFED, = {(x,y) e Ro:e <x <1/e,e <y < 1/}, HF 0 <
€ < 1 N—DF/MIEHEHTHERE . € < A/ (44,) ;€ < /M) ;€ < ac'™/(2p,M) ; — ac' "/ (2€") +
by <=15 —h/2€) +4h, <=1,
D =R \ND S RHWTE 44X D = {(x,y) e Ro:x <€} ;D = [(x,y) e Ry <€l
Dl = {(x,y) e R:x > 1/e| ;D! = {(x,y) € Ry > 1/e} .
W1 ZEKIR D! F, A xy<e(14+927), LV < MA/4 + M(= M4 +ge) + (g,Me — h/2)y*" -
ac''/2 + (= MA2) + sup [ —ac a2 — by 2 40 (r = d))x" T = dyy' +e(r = d))wy’

(x,y) eR*

0(c’x" +y°) (cotx + o3y) /2] <-MA4 —ac' %72 <-1,
B2 HEXIED L, H:aoy <e(l +2°7), LV<-MA4 + M( - A/4 + ¢,e) + (,Me
ac' /) — by 2 + (= MA/2) + sup [ —ac' T2 —hyt 2 4 (r —d )" = dyy't 4 e(r -

(x,y) eR*

d)xy’ + 00" +9") (cotx + o3y) 2] <-MA4 - hy*/72 < -1,

BH3 EXIE D) B, A LV<-ac"""/2 —hy”/2 + [M( - A +,xy) +c"(r —d,)x""’
ac' ' 2 —hy? /2 —dy' we(r —d))wy’ + 0N +y0) (coix + ody) 2] < —ac't/ (26 + i, <
-1, Hip, ¢y = sup {M(= X +¢ny) +7(r =d)x"™ = a2 = hy”*"/2 —dyy'™ + ¢(r -

() RS
d)xy” + 0% +9") (corw + oay) /21
B4 XD b, FH:LV<-ac""/2 —hy™/72 + [M(= X + ¢xy) + 7 (r —d,)x""’ -
ac' 2 — by 2 —dyy' +e(r —d))xy” + 0( K" + ") (cotx +ony) 2] S by T2 v, < -1
ZEFRTR, WTAEEM (v,y) e RRND,, ALV -1, 5131 p&M2) for, WRERS
(3) FFAEME— DA A w(-)

—+

+

5 HEERMER

HTIRUE FIRFEE, ARSCRA Milstein 85 5 7%k 445 ERTIRIE A S AU LB (3) dE474k
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Fig.2 The solution of system (3) and its corresponding deterministic system (¢,=0.5)
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