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Hopf Bifurcation and Stability for a Chemical

Reaction Model with Saturated Output

TAN Mengfan, WEI Chunjin
(School of Science, Jimei University, Xiamen 361021, China)

Abstract: In this paper, a chemical reaction model with saturated output and homogeneous Neumann
boundary conditions was considered. Firstly, the stability of the positive equilibrium for the ordinary differential
system was discussed, and the existence, direction and stability of Hopf bifurcation were analyzed. Secondly, the
Turing instability and Hopf bifurcation were established in the corresponding reaction-diffusion system. Finally,
some numerical simulations were carried out with the help of Matlab software to verify the theoretical results.
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T
F b, TR, WJBT o AV BE i b 7 [ R BEAR A b7, BRI, AR A A
25 Y WO, AT RO RO R, SCER [2] AR SE ROV R I LA A B, A [T RL
faas AR ERENE, BOR T B EA R PRt B E 2R IR, A IFRN Turing
BRI WECE AR, XTI RS, WAV RURFRER, (HIE% 8B 2 R, AN 4 526
P HBRGEREH PSSR E, XMIRFRN Turing AMEENE, W5, REZFEIFHREY H
SHEMARENRS, JF B LZMIB 2y RN ERRE & A X R, ilan, SCHR [3] %% T Lengyel-Ep-
stein BRI AR E M | Turing AFREM:, WEW] T 3EBEG 18 S80S 2 B PR A A TR e ;. X
Wk (4] vhe 7 —2 AT A Ak S i AR Y B RS e PR B Hopf 7332, B2 T ROV B R G e g
PES3HT AT Hopf 43 3L (AFFE AT LS8 S0k [5-10]

FIH, i e 20T i) S WA LB B 22 5 T Y 2 i T o3 2R G A A B B0 B fife ) A SRk mg it %
4y Z 45 Hopf 43 ST BOT Y R G it 0 &2 B TAEMR &, AR SCHESCHk [1]
(LAY [, 25 FEAEFF IR Neumann T S51EF 1 S04 BB 7Y

ou/dt = dAu +a —bu +u’v — v’ —du/(c +u),x € 2,0 >0,

/9t = dyAv + bu —v’v +u’x € Q.1 >0,

du/dv = dv/du = 0,x € 90,1 >0,

u(x,0) = uy(x),v(x,0) =v,(x),x € 2,
Hrp, Q2R (n > 0) MEACHENFTOQ WA FIFIXE; v Fomo FRASNERIE; u, v 500FR
PRSI EE 5 d, . d, > 0 WY HEREG A KPS HNE 7, R8a, b, o, d ¥HIETEL TEX
BROLL] AL B, PR RS (1) IEVF s i9F € YA Hopf 73 SCIAATENE, LIKRY RS (2)
B A s AR E M . PR BN Turing ANERE PEAN Hopf 43 32 R, 5340, MECEME i T 102
JH A Turing AeE R ISRAT, 45 AR I8 L A BB, R A B Turing AN ERUE L4 P41t
TR

(2)

| BB RGN Hopl HEBEEM
S, Md > altt, B5 (1) BE—OEFELE = (ugy (b +ud)/uy) , HoHuy = ca/(d -
), BE (1) 15 B A MR AERE J = (b—uo—cd/(c+u0) u; )O

2 2
-b+ u - u

WAL (1) BTN

A =T(b)A +D(b) =0, (3)
Hib, T(b) = b -2ul —cd/(c +uy)?; D(b) = cdul/(c +uy)? o
THGAS R b HSECRF RS (1) BV ET REVEM Hopf 733, & d > a, &b, =

2up +cd/(c +uy)’, TFRERL,

FE1 Wd>a, R4 (1) FAEEFELE, W i) 20 <b < by B, EVHLE ZERHA
WHERRER, M b > b B, IS ETBEAREN; i) RE (1) FEb = by by Hopf 4332, 773%
D7 e G B, By SN g AR e

iERA 1) M0 <b <b B, T(b) <0, 455 D(b) >0, I J FTA FMEEY BA S, 1F
Sk BT RIEREIERRE . 2 b > b, B, T(b) >0, 456 D(b) >0, BT J BYFTA R HA IS
#B, IEE S BT ARRE

i) M b = b, I, FHETE (3) FEAE—XTEUBEER A = £i./D(b,) o B, 24 b 7E b, BRI
feist, B (3) A—XHPEEMW A = a(b) +in(b) , HH: a(b) = [blc +uy)* = 2ui(c +uy)” -
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cd]/[2(c +uy)*]; w(b) = V/D(b) - (a(b))” . JEH o' (b) ‘6:60:1/2>0’ w(by) =cdui/(c+uy)® >0,
M, 2b = b, B, &G (1) 16 E™ 47" Hopf 4332,
Bu=u-uy, v=v-(b+ug)/uy, NIEIHE, T u, vFRa, o, WRGE (1) £H
u(t)=a=b(u +uy)+ (u +uy)’[v+ (b +ul)/uy - (u+uy)=d(u+uy)/(c+u+uy),t>0,

(4)

v(t)=b(u +uy) — (uw+uy)[v+ (b+uy)/uy] + (u+uy)’,t >0,

HEH (4) N
u w) (fi(u,v)
=J +( )O (5)
(yj (vj S, (u,v)

Hrp, fi(u,0) = [ =2uy + b/uy + cd/(c +uy)’ Ju’ + 2uquv + u’v = (1 + ed/ (¢ +uy)*)u’ + O( lul*,

[l [o]) 5 folu,0) = Quy = b/ug)w’ = 2uguv - w’v +u’ + OClul*, [ul*[v])o

ﬁ”zS(%EKiPz( b j EEP[ 1, j%%maawmw(b) o
N(b) M(b) N(b) —iM(b)

H NG =- b2 + ed/[282(c + u)?], M(b) =- /D(b) - (a(b)) /il . B, P =

(—N(b)l/M(b) l/ﬁ;(b)jo

Mb=b, B, 0w, = 0(b,) = J/D(by) = Veduy/(c +uy,), My = M(b,) =- w,/u;, N, =
N(bo) :_lo

fest [j: P(yj MRS (5) W
)= an (e (L0, (6)
y y F (x,y,b)

Her, J(b) = ((a(b) —a)(b)j; F'(x,y,b) = [ =2u, + b/uy + cd/(c + uy)’ + 2u,N(b) ]x° +

w(b)  a(b)
2uaM(b)xy + M(b)x*y + [ =1 - ¢cd/(c + u0)4 + N(b)1x* + 0( lx|*y 2P |y])s F*(x,y,b)
[(N(L)Y/M(b)) (2uy = b/uy, — cd/(c + uy)® = 2uN(b)) + (1/M)(2u, — b/u, — 2u,N(b)) ]’
L(=N(b)/M(b))2uM(b) - (1/M(b))2uM(b)]xy + [ (= N(b)/M(b))M(b) + (1/M(b))
(=M(b)) ]y + [ (= N(b)/M(b)) (=1 = ed/(c +uy)* +N(b)) + (1/M(b)) (1 = N(b)) J«* + O(| x|,

+

EINEaPR

Rt (6) THbRt [ T DA
0 =w(b) +c(b)r’ + -,
r=a'(by)(b=by)r+a(b)r +0((b->by)r,(b=-0b)r,r),
0 = w(by) +@' (by) (b =by) +c(by)r* +0((b=0by)>,(b=by)r,r*),

T FNW oy SR AR AR e, TR A a(b,) = (1/16)[F,, + F,, + F. + F ] +
[1/(160 (b)) 1 [F. (F\ +F.) - F (F> +F) - F.F> + F.F> 1 WS RE a(b,) WFS, FIA
SHAE (x,y,b) = (0,0,b,) KbITHE,

BT F (x,y) . FP(x,y) WO y BB BNREUNT 2, BTLL, FL(0,0,b,) = F;,(0,0,b,) =
F1(0,0,by) =F (0,0,b,) =0, #3158, F. . (0,0,b,) =-12 -6cd/(c +u,)*, F, (0,0,b,) =
= 2w(by)/uy, F.(0,0,b) == 8uy + 2by/uy +2cd/(c +uy)*, F (0,0,b,) =0, F.(0,0,b,) =
= 2cduy/(w(by) (e +uy)’), F2(0,0,b,) =0, HI, a(by) = (1/16)F,, +[1/(16w(by)) ] (F, F,, -

THED = by ALEEEEIT, A
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FLF)Y) = =1/4 —uy/(2(c +uy)) —cd/(dul(c +uy)’) —cd/(8(c +uy)*) <0,
HEEE (b)) >0, HICHK [15] H Poincaré-Andronov-Hopf 73 S BRI K, 2 b = b, B}, RS
(1) FEIEPAf 8 E7 Ab 7= A Hopf 4332, 4337 mlim Ay, Hor S JRfidnintese, a8 1 ukke,

2 HERSH Turing AT M, Hopf 3% 77 MK FHABRIEZE M
2.1 ¥EERSH Turing FRREM
N T IOTETR, AE—4ES R 0 = (0,w) EFERS (2), W)
ou/dt = dAu +a —bu +v’v —u’ —du/(c +u),x € (0,m),t >0,
v/t = dyAv + bu —v'v +u’,x € (0,m),1 >0, 7)
u (x,t) =v,(x,0) =0,x =0,m,t >0,
u(x,0) = uy(x),v(x,0) =9,(x),x € (0,m),
FEFFIX Neumann AT, HF - A WREE I p, = B (k =0,1,2,-+) , HXFAYHHIE R EL
M cos(kx)(k =0,1,2,-+),
) . . u u u, u d 0
R e ] R e R e (R ( | ]; J-

v, v U,y v 0 d2

b—uy —cd/(c+uy)” u
( -b +u§ —ué}o

SE L5 Sobolev ZE M) X = { (u,v) € H*(0,m) x H*(0,7):(u,,v,)|,_,, =0}, X MEIEH=[H]
X, =XDiX = {x +ix,|x,,x, € X

BT L A L["’j _ g(ﬂ |, ["’(’“)j BT L WS & %P5 E s
vy Y (x)

/7\(<;b(x)j: i (Sk)cos(kx) , Hidre s, BREG A (J -w,D) [skj=§(skj,k =0,1,2,-,

P(x)/ k=0 \y, t, ‘,

b —ui —cd/(c+uy)’ —ud, ug

- b +ug - ugy — pyd,
MRFEME 2

WS, BRHET RN

fz_ka"'Dk =0, (8)

Hr, T,o=b-2u) —p,(d, +d,) —cd/(c +uy)’; D, = didy; + [dyui + (uy +cd/(c +uy)” -
b)d, \w, + cdui/(c +uy)’,

AR, Mb <ul +ed/(c+uy)’ B, T, <0, D, >0, k=0,1,2,---, RG (7) WIEFAEE”
JRIERET AR E

FHEHEY u) +cd(c+uy)® <b <2ul +cd/(c+uy)* RS (7) 1EFM5 E ket BR,
HWERMNTR, T, <0, k=0,1,2,-,

1) Md/d, > b/uy =1 —cd/(uj(c +uy)*) B, D, >0, 56T, <0, k=0,1,2,---, MWHR
g (7) WIEVH R BT R iR E .

2) M0 <d,/dy <b/ul -1 —cd/(uj(c+uy)?) B, D, AKX HR A, = [du) + (u} +cd/(c +
uy)’ = b)d,* —4d,dycdul/(c +uy)® = drug + [2ui(ug +cd/(c +uy)> =b) —deduy/ (¢ +uy)’]d,d, +
(ug +cd/(c+uy)” =b)’ds . FMiBRVA L, icz = d,/d, , W REEf(2) = upz + [2ug(uy + cd/
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(¢ +uy)” =b) —deduy/(c +uy)?Jz + (up +cd/(c+uy)” =b)” BHHN A, = [2u)(up +cd/(c +
ug)’ = b) —dedul/ (¢ +uy)> 17 —4ug(ug +cd/(c +uy)* =b)* =dedul/(c +uy)’(—4ug +4bul) >0,
R f(z) = O FFAE2 NSEME, B.z, = b/ul — 1 +ed/(ul(c +uy)?) —2/(uj(c +uy)) oJed(b —ug) ;
z, = b/ul =1 +cd/(uj(c +uy)?) +2/(ui(c + uo))«/cmO

Mz <z<z, Waflz) <0, Bz <dy/d, <z B, A, <0, NTiAD, >0, k=0,1,
2,000 BET, <0, k=0,1,2,, WIHRG (7) WIEFHR £ RFEHLTRE o

B, 2, < b/u) -1 —cd/(up(c +uy)?) <z, 1), 2) Alfg, Md/d, >z N, &5
(7) WIEP A E JRifinatese . h LR dral 15 e 2,

FIE2 Wd>a, RG (7) fFHEEVPHESE, W, i) b >2u; +cd/(c+uy)’ B, RE (7)
W IE S EX ARFRRE, M b < u) +cd/(c +uy)* B, RGE (7) BIEFM 8 E RibdnLfae; i) X4
ug +cd/(c+uy)® <b <2uy +cd/(c+uy)’ B, #d,/d, >z , WRFK (7) WIEFAE E REBniT
FGE o

TS0 < d,/d, <z W, BB, A >0, MIHRE ddp’ + [dyug + (ug +cd/(c +uy)* -
b)Yd,Ju + cdul/(c +uy)® = O FFFE2 NIESEAR, Bl w_= (R - /R® —-4d,d,D)/(2d,d,); m, = (R +
JR —4d,d,D)/(2d,dy) , HH. R 2 dA+dN = —dyid - (i +ed/(c+uy)’ - b)dy; D = edil/
(c+u0)2O

Moul + cd/(c + u)® < b < 2uy + cd/(¢ + uy)® W, u, = 1/(2d,)[d,/d,A + N +

(d,/d,A + N)* —=4d,D/d,] . % H(dy,) = (d/d,)A + N +./((d,/d,)A + N)* —4d,D/d, , W

H (d,) = -dA/d; + (1/2)[ (d,/d,A + N)* —4d,D/d, ] "*[2((d,/d,))A + N) (- d,A/d>) +4d,D/d>] =
—dA/dy + [ (=dA/dY) ((d,/d)A + N) +2d,D/d;1/./((d,/d,)A + N)* —4d,D/d, .

HTA<0, N>0, H¥0 <d,/d, <z B}, (d/d,)A+N >0, TJ&, XWaWd, >0, H
H'(d,) >0, W, XF d, B,

EX D = pw=0, p_<p<p, b, D= w,p,uy,| , BHARELO < d,/d, <z BT,
ATLARERE d, ML d, AR, siEE 4, M d, 2%/,

D B d, B dy —> e, W Jim p =0, limp, = b - uw/dy - ed/(dy(e +u)) , NIREFTA

dy—»

dy >0, A0 <pu, < (b-u))/d, —cd/(d,(c+uy)?) o WHRu, >b-ul/d, —cd/(d (c+uy)?) , Hf
2D, ND, =0, BIXIAERNEeN, D, >0HT, <0, RS (7) WIEPHS E” JaiBnrae.,
2) [EEd, HA d,—0 mIJ}iLnOM,=cdu§/(d2(b-ug>(c+u0)2-cdd2>,dh%1pw=oo , i,

tEd >0, 8240 <d, <dWf, d, N @, =0, NRL (7) WIEFHLE B AE,

i BiRsrT, AR ERE 3,

EIE3 Wd>a, ui +ed/(c+uy)’ <b<2u)+cd/(c+uy)’, RE (7) HELEFMEE, N,
i) #rp > (b-uy)/d, —cd/(d,(c+uy)®) , WMXTFEEd, >0 FMFfHd, >0, RE (7) BIEFH
E* JREliLfase; i) SEEd, >0, fFfEd >0, #5450 <d, <dBt, RS (7) WIEFE# S E
J& Turing AERERT

E1 XM TEBMORS (1), ISR < b <2u) +cd/(c +ul) B, IS ET 2R
WL E . FHIEY B S, P B A A R E M A e, BTG, 2 ug +
cd/(c +ul)® < b <2u) +cd/(c+u)”, VIR, T/ NEYEI d,/d, <z B, YVEEFE (7)
I e E°ARRE . SHMOTRS (1) WA, P HUE—E &0 ] LU E 1P A R 2815 A
faxg, WHELE Turing AEE LA,
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2.2 Hopf H X F A4 Z EHAMRMIZE M

EE4 WRd/d, >z, WARG (7) b = by Aby™E Hopf 7332, 7330510 i8Im0, H
R RE, Ho z = 1 +2/[u) (e +uy) [ ed/(c +uy) = Jeduy + Ed’/ (e +uy) ],

ERR Wb =6, , BBAT, =0HD, >0, HTu, >0(k=1) Hd, .d, >0, TEXMITHH
k=1, AT, (b)) <0, BH, D,(b) =ddp; + [ug(d, —dy) I, +cduy/(c +uy)’

AT AT E TR, 2 d,/d, > z B, MHMEEM E=1, #4 D, (b,) >0, Hitk, 24b = b, B,
A L BR— X AR S, HABRAEE S BA S, 734h, B E(b) = a(b) tiw(b) EHFE (8)
) —XF B E MR, W a(b) = T2 = (172)[b - 2ul — cd/(c + uy)?] —p,(d, +d,) /72, w(b) =

D,(b) = (a(6))®, Ha'(b)|,., =1/2>0. Kk, b =b B, RE (7) ¥ E" 47 Hopf 5332,

b =b, kb, 2% (7) WLERIU/dt = LU + F(U) ., Hv. F (U) = @Euv;j =
()",
WLRHTLMMEMET, X L() _ D[j+ J[j TR T SR

(b—ué —cd/(c+u,)” -b +u(2)]

2 2
U — U
(o) o) gzl X, BRIRBL, 5304 (U,,0,) = [ (ayu, +o0,)de o Hoit: U, = (a0 i = 1,
0
2, EEF (AU,U,) = MU,U,) .

[ b = by b LA — AR = fop, & qs = [j: ( ! j . [j:
t -1+ w,/uji Iy
[1/(%) +uy/ (2mw, )i

uy/ (2me,) i

A28 18] o0 X =XC@XS, Hp, X = {zq +£(_I\z e Cl; X' = fu EX\<q*,u>=0§o

j, W2 (q7q) =1, {q7,q) =0, L(by)q = iwyq, L™ (by)q" =~iwq o

TR (uw) e X, HlEz e C M w = (w,,w,) € X, flifg (u]: 2q + zq + C(w,w,) =
v

( s+t j W R S () WAL WL (za0) 44 6 0 2 2

2(=1 +w/uji) +z2(=1-wy/uji) + w,
{d”d‘ SR S B Gi ) = By - (0T - R B By ¢ ).
dw/dt = Lw + H(z,z,w) o

wnfE ek (157, ¥ F, S F,(U) = (1/2)Q(U,U) + (1/6)C(U,U,U) + O(|U|*) . Hr.
U= (uw),

L fuw,b) =a-bu+v’v-—u —du/(c+u), glu,v,b) =bu-v'v+u, TEitE, . 0,

C... BHASIN: 0, - (dj 0. - (fj c. - (gj S, o = [k 42 sots +ful5 dy

qqq > 7Y
0 0 ho

+

2 2 7 - = -
guus() + ng)s()t() + gmrt(); e() = ﬁm ‘SO ‘2 + f;t1,'('50t() + S()t()) + ﬁm ‘ tO ‘2; ﬁ) = guu ‘30 ‘2 + gzur(s()t() + 80L0>
27 2
gvv ‘to ‘2; g() = .fuuu ‘So ‘230 +.f;¢111,'(2 ‘S() ‘2[0 + S()t()) +‘f1u>v(2 ‘ to ‘280 + lOSO) +.f;mv ‘to ‘2t0; h() = guuu ‘50 ‘280

gumr(z ‘ So ‘ZIO + S(ZJZO) + gum(z ‘to ‘250 + tg;o) + gwm ‘ t() ‘2t0 o fiﬁ] g Eg%ﬁﬂﬁ%%ﬁ%ﬁﬁ <0’0’b0) émi_l‘%:o

—+

http : /xuebaobangong. jmu. edu. ecn/zkb



46 1 WAL, A AT Al S RS A A A Hopf 7352 - 501 -

R, ¢, = = 4du, +2cd/(uy(c + uy)?) +2cd/(c +uy)’ +do,/uyi, dy = 4u, - 2cd/(uy(c + uy)?) -
dwy/uyi, e, =—4uy +2cd/(uy(c +uy)’) +2¢d/(c +uy)’, fo =4u, —2cd/(u,(c +uy)?), g =-12 -
6cd/ (¢ +uy)* +2w,/ugi, hy =12 =2w,/uii , H (q" ,0,,) == 2uy +cd/(uy(c +uy)’) +ed/(c +uy)’ +
QQwy/uy = cdul/(w,(c +uy)))i, {(¢" ’Qq6> == 2uy +cd/(uy(c +uy)?) +ecd/(c +uy)’ - cduy/(w,
(¢ +uy)’)i, (¢° ,Cz) =—6=3cd/(c + u)*t + (wy/uy +3ecdul/(wy(c +uy)*) )i,

A H(z,z,w) =Hy2/2 +Hzz +Hyp,z2 /2 +0( [ z]*) +o( |z |w]|), Hy =0, -{q",0,09-{q",
Qqq>(} =0, H, = Qq,; - <q* ,qu>q - <(_]* ,qu>(} =0, %%wzo = (2w, —L(bo))_leo Al Wy =
(L)) Hy TR = wy = 0. W (07,0, = (050, ) = 0. UK, Re(e,(b,) =
Re[i/(2w,){q",Q,,){q¢",Q,;) +(1/2){q¢",C,.)] =~ [(ug +cd/(c +uy)?) (e +ug)t +2u)(c +uy)’ +
(1/2)eduy ]/ (ug (e +uy)*) <0,

HER o (b)) >0, Hitk, RGE (7) b = by &b7”A Hopf 4332, 43307 W A#IGF), Hor
ST AR RS E . E T 4 UESE

3 HEHRMER
T YE EARIRELTAL, AR Marlab BPESS HUEPRIORL 0] (SRORGIILE 1), BT
RS LT TR,

x®1 HE
Tab.1 Parameters value
75 SHBUE S SRR E 1B B R E

0<b<2. 375 JRR s R

1 a=0.5,c=3,d=2 b>2.375 NGy
d,/d, >0.150 3 SRR H L R
0<d,/d, <0.150 3 H d, >0. 625 SR RA
2 a=0.5,b=2,c=3,d=2 v : Eﬁ{ﬁd i~
0<d,/d, <0.150 3 H.d, <0. 625 Turing N EE

3 @=0.5,b=2.8,c=3,d=2 d,/d, >0.316 3 NV

SRS (1), BRI PFS 1 RSEE, Wy, =1, b,=2.375,E" = (1,3.375) , #Hb =
2.3 <2375, W T <0, D >0, WIFX65 £ Whktas, WK1 s, &b =2.47 > b, , H
FEFL AL, 24 b g0k by B, PR ET R FRRGENE, JFAE b, NI AE Hopf 433, Hopf 43 317 W)
IR, B S IR E W RE R, WE 2 PR, FIREI (uy,0,) = (1,3.5) .

S0 350
30l 345
3.40 [
25|
—u(t) 23357
=20t v () “330
=
s 325
320
Moo
101 3.15
05— 3.10 —
0 100 200 300 400 500 0.85 0.90 0.95 1.00 1.0(5> 110 1.15 120 1.25
I3 u(t
a) B E]E 3 E b) tHHA

B1 R2%(1) WEFE E* #HiEFEE (b=2.3<b)
Fig.1 Asymptotically stability for the positive equilibrium E * of system (1) (b=2.3<by,)
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