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L1 Scheme Difference Approximation for Caputo-Hadamard Time
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Abstract: A numerical method for solving Caputo-Hadamard time fractional reaction-diffusion equation
was presented in this paper. The first order time derivative was replaced by the Caputo-Hadamard derivative
and then the Caputo-Hadamard time fractional derivative was approximated by L1 interpolation. The second de-
rivative of space was discretized by the central difference formula, and the numerical discretization scheme of
the equation was constructed. It was proved that the numerical scheme was stability and convergence. Then
Richardson extrapolation was applied to further improve the spatial accuracy, and a specific algorithm was pres-
ented to make the new difference scheme reach fourth order convergence in space direction. Finally, a numeri-
cal example was implemented to test the efficiency of the numerical scheme.
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0 318

YR (S TR) R E T o3 B A4S (] ) 3 ) e AT RO A e 4 B B S A
TIRERHET, BRI BN 0 B S EOR AR B R O 5 R . T BB o 351 = Ay
By, BAAERERE, B i 5 R LR R 5 R RE SRS B UL S A AR Y RS R A Sh S R Gt
L IR R RO, Y ARG T

Hadamard 43452 [FF Riemann-Liouville 1 Caputo 4344 B8, BB R AR T RS
FIRZAL & — ME B B TR 8, WF5T & B, Hadamard 740, Hadamard %53 5003043 5 BEAE S2PR R)
Birh 5 TSGR BN Caputo-Hadamard 73500 S 80CH B TR AL 218 00 2, T HZ
T M LB AR AL A, ANBERS S VERA BRI Lomnitz X BUUG AR H SIS Jy 24 2 et #2007
BT JUAE B RFSE R, Gohar ' BF5E T Caputo-Hadamard 43 B¥ 8 /A 13 53 5 B2 ) S A BRGE FEIE Oy ¥,
Bt T B9 Riceati JTRERIBUE T 15 Ou %7 ST T HA VIR A5 401 Caputo-Hadamard 430809 #I
e ; Jarad 2 BFSE T Hadamard 2088 S50 Caputo BUE IE K HAE i ; Wang LIRS T A VIR
ZF R Caputo-Hadamard 438G T4 B0 B AR 50 R S 19 B 7 585 Fan 52T L1 -2 |
12 — 1y . H2N2 % 3 F5EL Caputo-Hadamard 7308 S5 EE A

EREOLT, % & Caputo-Hadamard B 8] 35BS i 47 H7 #&

Dy u(x,t) +pu(x,t) = ’u(x,t)/9x" + f(x,1) ,x € [0,L],t € (a,T], (1)

RS S|
u(0,t) =0,u(L,t) =0,t € (a,T], (2)

BIG A
w(x,0) =e@(x),x e [0,L], (3)

Hr, w >0 2% o(x) . f(x,1) BFAEH I H REL Dy u(x,t) J& & F Caputo-Hadamard
SH, HE

WD (a0 = {(1/T(1 -a)) f;(log t/s) “6u(x,s) « (ds/s),0 < a < 1,

(4)
du(x,t)/dt,a =1,
Hr, T} camma RS 6 = v - (d/dy) 26 —F5L

A TSRO RSO (117 BRSSP A B0, A% = 00, 78 (1) ~(3) 5
SCHR [11] AR RS, ik, ARSCHERT R EFI L1 3 {EXT Caputo-Hadamard 43 2B S 417
BB, 20 R0 2 A A TR, B T HM U R SO, IR Richardson S
Vo2 TR EE SR80 T DB I PRI S0 R e sk Rt

1 BRI

T SeX A AT R BEA T B L, BUERB M, N, BIXE [0,L] 2% M AT X, L w, =
(v, 0<is M, 130 =x <x, <+ <, <x, <+ <ux, =L, LKL =L/M, FRHEXH
La,T] 2RI NAFXE, ido, = {t,0<k<Tl, i a=10 <t < <t,, <t, <<
ty =T, WINEEK A = (T-a)/N, B u = {ul [0 <i<M,0<ks< N ZEXTEw, xw, L1
MK, BIAIRS du! = (uh,, = 2ul +ul)/h*, dul,, = (uf —ul ) /h o TER (x,,1,) AR
(1) @rss, AT HERI, iU = u(x,,,) AR (1) S, 0/ =f(x,0) , B
Wk [12] A%

Dl u(x,t) \’j = Z‘[aj‘k(U{ U]+ 0 = Z (bkfj,lrUle) 02, (5)
Ay = (/T2 - a))(]/log(tj/tjil))[(log(lk/t/;]))l_a - (10g(tk/tj>)l_a] s (6)
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- al,k’j =0,
b.qu = a;p — aj+1,k’j = 1727”"k - 19 <7>
ak,lcsj =k,

P DERBER 0°u(x,t) /05", Bl
(0%u(x,t)/0x") = (UL, =20 + U ) /R + O(R*) = U + O(h), (8)
M=l (5) A=t (8) wIfR, (1) ST
> (b, U) +ull = &U +f + R
Ul = ¢(x),0<i<M, ©)
u =U, =0,1 <k<N,
Horpre R JZJRASEMIGR2E; b, 58 LR (6) ~(7) 4, WIAIX 5 (1) far 22kt

k

(b, ) +,U«u17 = d*ut +fF,
ki i Ui i

u° Co(x),0<i<M, (10)
ué :u'@ =0,1<k<N,
Hrpr, b]-,,CKHES(EEﬁ(6) ~ (1) %t
2 TREMEFNU S
2.1 F¥BEHEEXREEMEEES
MFIRAER (,(1 <k < N) BEJZ, A
Z %aj,k[u(x,tj) - u(x,tj_l)]} +pu(x,t) = Au(a,t;) +f(x,1,) + R (x),
) (11)

W(x) = @(x),0 <x <L,

u(0) =u (L) =0,1 <k <N,
Hor, Au(x,t;) = u(x,t)/0x"; R (x) MBFE] LA RFEETIRZE, W' (x) =~ u(x,t,) 1 <k<N
EREEE T, B R EIR2E WA 2E A X

k

> el (x) = ) T+ (o) = Al () + (),

W(x) = @(x),0 <x <L,
W (0) =u (L) =0,1 <k <N,
Hep ff(x) = flx,t,) o

SIE 1M M0 <a< 1B, X (6) MRS e, (1<sj<kI<k<N)Wifa, >a_, > >
a, >a_,, > >a, >0,

SIEE 2 RO <a<l Hu(-,t) e Cla,T], M= (11) HHREEBIIRZE R (1 <E<N)
AR (R < [(/TA - a))(log(t,/t,))” + (I/T(1 - a)) max (log(1,/1,,))*] x
(log(t,/t,_,)) " arélfgk\dzu(x,t) |

IS 1 SRS, X (1) PRREENRZE N (R < o/, Hid ¢ BT 6k
R IEH 4L,

LR L H, H RO RN (o,0) = [wedv, o = o) o], =

(12)
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[vol| = ~(Vo,Vo) (o], = JCllo® + [0]?) o PHEABERT 4 Tl 2ol (12) 4%
FEWIME @ (x) FAT S5m0 £ I R RRE 1

EE (et Wu'(x) MESEX (12) W, WA (|[Vi' P < |[Vel? + (T(1 - a)/2)
(log(T/a) )" lrélnals)ivale, I1<k<sN,

R X (12) 'fljﬂ’]%#ﬁﬂigﬁ%iﬂ, (a’k,k +M)uk(x) _Auk<x) = z_, [(@,41,1; _a’_;‘,k>uj<x)1 +

a i’ (x) +f (x), 1 <k < N, $HPGLRENYE - 28" (v) AT, (a,, +w) (d', -240") -
k-1
(Au', =28d") = Y [(a,,, —a,) (W, =20u") ] +a,,(u°, -20u") + (fF, -2Ad") . HIBIFEL FI
=1 .
PR TTH, (2a,, +20) | Vat P +2)|Adt P =22, [(an,, —a,,) (Vi Vi) ] +2a, ,(Va’, V") -
j=1
k-1
20/, vu') = 2 [Cajp =) (VP + [V [P) ]+ ap Vel [P+ [Vt [P) + [[£FP72 + 2] au’ |* =

-1

[Cape = ) [V 21+ a Vet P+ @ IVE P+ P72 + 2] At (P o BRI, Cayy + 200 || V'[P

N

[

(@ =) IVEIFT +a Ve P + /4772, T < k< No TR e, = (VT -a))x" =

(I/T(1 —a)) (log(t,/a)) = (1/T(1 —a)) (log(T/a)) ™, 1/a,, <T(1 -a) (log(T/a))*, HH.
log(t,/t,) < x, < log(t,/a) , WH

k-1

(ar +20) [V [P < X T (as = @) [V T + @, (v [P +
j=1

(KT (1 = a)/2) (log(T/a))*|f*|P),1 <k < N, (13)
L= |l Vel + (T(1 - @)/2) (log(T/a))* max ">, WM (13) THEN (a,, +

k-1
2w) Vit P < X [(apy =) Vil 2] +a 0, 1 <k <N, FiF [V P <1, 1 Sk <N,
j=1
ME =10, B | Vi ||° < (Cay/ay,) +2u)l <1, B4k =1,2,--.m -1K, #H
m-1
[va P <1, WXk = mit, Ha,,|Ve"|< (a,, +2)|Va" [P < X [(an, -a,) | VE 2] +a,] <
j=1

m-1

> [Cap, = ap, )] +ay, 0 = a,, 0, B v P <1, EH 1L,
e (x) = u(x,t,) —u'(x), 1 k<N, R (11) M= (12), ATRHESBRZET R

2 %a,-,k[e"(x) ¢ (x) 1} - At (x) +Mek(x) = R'(x),

j=1
e(x) =0,0 <x <L, (14)
e"(0) =¢"(L) =0,1 <k<N,
N R 1 Al
| Vet ||* < (T'(1 —a)/2)<1og(T/a))“lr£"ast IR ||*,1 <k<N, (15)

FIH Poincare AN5ERX, X (15) K5[F 2, BREHT 0°wor’ € Cla,T] HH FHEH2,
EE2 Bu(x,r) 18 [a, 7] BXT o EE, ZBralf, HREWBMERBE (1) ~ (3) K,
u' (x) (1 < k< N) ZEEEoesis (12) 1o, WE
|w(e,e,) —u*(+) |, < CV(AL(1 —a)/2) (log(T/a) )¢ ,1 <k <N, (16)
Her, ¢ BEES o, h TRMIERE,
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2.2 =BEERANREEFESES T

M-1

iﬁVh = {v\p = (UO’”“""UM>’UO =, = 0} ° XﬂLﬂDﬁ:%E\v eV, E X (v,w)h = hz(yiwi)’
i=1

i
HUHh = J(v,0),, ‘ ho /hz (dxvi—l/2>20
i=1

5133 WFEEv,we V,, B (v,dw), =- (dv,dw),,

SIE 4™ WFEEv e V,, B o], S (146) ||dol,o

T3 (Fett) Wu(I<isM-1,1<k<N)NFE (10) M, WH ||dd
(F(1 = a)/2) (log(T/a))* max ||}, 1 <k <N,

h?
ER 5 (10) W5 R (qp, +p)ul - dul =

d.v

s

del; +

k-1

[(a,'n,k _aj,k)u” +a1,ku0(x) +hff, I1<sk=sN,
in

M-1
PRI - 2hdiul BB, ¥ i = 1,2, M = 1) TORAL, W43 - 2h(a,, +u) D, (uf - dul) +
i=1

M-1 M-1 M-1

M-1 k-1
WY (- Bul) =2 T (s~ OB S, (- ) =20, b3 (- ) ~ 203, (f - )
i=1 j=1 i=1 i=1 i=1

k-1
U _2(ak,k + i) <uk’diuk)/l +2 (diuk9 i”kh = _22 [(aj+1,k —am) (uf,diuk)n] - 2ay, (uoydiuk)n -
j=1
k-1

2(fk,diuk>h o NLFHGIBE 3 EI?E‘F, z(ak,k + ) (dxuk’dxuk)h + Z(diuk, iuk)h = 22 [(C‘jn,k - aj,k)

j=1
(dxuj’dxuk)h] +2a1,k <dxu09dxuk)h _z(fk5 iuk)ho

k-1

HBIEE | B PR S SR, 2(a,, + ) [da P+ 20 dt P < 2 [(apy = a0 (lda | +
j=1
ldu [ ]+ a Cllda® 15+ a7+ 2) [[fH G+ 20l diut | o B, Cay, + 20) ldu [ <

k-1

S, —a) |dd 2] +allda® |2+ 532, 1<k <N, HEBE0s SR O TER ik 5
1
du' [ < [du [} + (T(1 = a)/2) (log(T/a))* max [f"[}, 1 < k<N, 83 FHIE,

XEEEC (10) BEATIREMIT, Bel = u(x ) —uf, 0<Si<M, 1 <k <N, WREIFEN
k

2 [aj,k(eij - eij_l):l - ief +IU“‘35'€ = R?a

j=1

j=
",

& =0,0<i<M, (17)
ep =€y =0, 1 <k<N,
FE HE 2 AT,
|d.e" |} < (h[(1 - a)/2) (log(T/a))a1rélnaévHRfo',l sk<s N, (18)

WY EH 3 54, BRI TFHEHT w(x,t) € CHI([0,L] x [a,T]) HRTIER4,
4 Bula,e) 7E [a,T] LXRTF 3L ok, BRVBMERE (1) ~(3) HF, o
(0<is< M, <k<N) ZBEEHEMA (10) WiE, WE
le"]l, + |d e[|, < C,v/(T(1 —a)/2) (log(T/a))* (™ +h*),1 <k <N, (19)
Hr, ¢, BATES (. h LXRMIEFE,

3 Richardson Ip#E %
A FIFH Richardson ZMEZ ek 23 (8] LAWY, BE R RIZE R ¢, X282 K 51R b Al
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2h, WAL (0f) = (4 (b)) = (uDH?) 3k =1,2,--- N = 1) 15FIMER, Hob. 7ERMg
byoxo= gy AR L, x o= a5 (w)® H (uy)" A3 RL RS A0 AR T BE, WA

e ], + ld.e" ], < €,/ (T (1 =a)/2) (log(T/a))* (™ +h*),1 <k <N, (20)
Hop, ¢, BIEES 1. h TRMIEFE,
4 HIERIF
1 7% & Caputo-Hadamard 73 £ B SOw 4 BT 2
DS u(x,t) +u(x,t) = Pulx,t)/08° + fx,0),1 <t <T,0<x<1,
u(x,1) =0,0 <x <1, (21)

u(0,t) =u(l,t) =0,1 <t <2,

Hr,a e (0,1) o XBEAWBEITN f(x,0) =2 (1 =x)(logt) " (T(r+ 1) /T(r+1-a)) +2"(1 -
x)'(logt) = (p(p =)' (1 =x)" =2pgx"" (1 =2)"" +q(qg - 1)a"(1 =x)"2) (logt)" . HITFEH
FEWIER u(x,t) = 2" (1 —x)"(logt)" o Hrh. Z8p. q. r WIEEL,

B SCRZEECH E(t,h) = o@féﬁv‘ w(x, b)) — |, FHA:ula,,e,) Alw S8 FRRIZELER (v, ,t,)
RS R AV BB s« FORETE K h TRk,

B SCESF [E) 77 ) A WAL SK T vate, 128 (6] 77 0] B WL BB rvate, 4351 K rate, = In(E(t,h)/E(t/2,h)) .
rate, = In(E(t,h)/E(t,h/2)),

F1iEh =1/1000, r=3,p=q=1, a=0.3,0.6,0.9 AR5 FUEE M IR IS K E]
Jria) RS, AT, ¢ BT 2 - o, X SASCHR IS BTSSR R — U

xR1 BRXIREM BB (h=1/1000, r=2, p=g=1, «=0.3,0.6,0.9)

Tab.1 The maximum errors and the convergence orders for t (h=1/1000,r=2,p=q=1,a=0.3,0.6,0.9)
a=0.3 a=0.6 a=0.9
! E(t,h) rate, E(t,h) rate, E(t,h) rate,
1/40 3.8230x107° 2.7149 x107° — 1.657 1 x107* —
1/80 1.1829x10°° 1. 692 1.0225x107° 1. 409 7.699 3 x10°° 1. 106
1/160 3.656 9 x 107’ 1. 694 3.859 7x10°° 1. 406 3.584 1x10°° 1. 103
1/320 1.129 7 x107’ 1. 694 1.4589x10°° 1. 404 1.670 1 x10°° 1.102
1/640 3.487 6 x10°* 1. 696 5.5192x1077 1. 402 7.786 8 x10° 1. 100

F27h=1/1000, r =3, a=0.7F (p,q) = (2,1),(1,2),(3/2,1),(1,7/2) WIKsHHHFEL
{ELAR 1) B R 22 K B] 5 ) B U8, T, 24 (pLq) = (2,1),(1,2) W, B TREBAF u(x,t) e
CHI(10,1] x[1,2]) , ¢ MUSIB IR 2 —a o X (p,q) = (3/2,1),(1,7/2) BF, KBt u(x,t) €
C([0,1] x [1,2]) , Muhf e ISR TCILIA SN 2 - o, X SACPREH 4 HZ58 800,

K2 BRKIREM t WS (h=1/1000, r=3, «=0.7, (p,q) =(2,1),(1,2),(32,1),(1,7.2))

Tab.2 The maximum errors and the convergence orders for t
(h=1/1000,r=3,0=0.7,(p,q) =(2,1),(1,2),(3/2,1),(1,7/2) )

. (p,q) =(2,1) (p,q) =(1,2) (p,q) =(3/2,1) (p,q) =(1,72)
E(t,h) rate, E(t,h) rate, E(t,h) rate, E(t,h) rate,

1740  4.703 6 x10°° — 4.703 6 x107° — 6.4832 %1077 — 2.1777%x10°° —
1/80 1.9150x10°° 1.296 1.9150x%10°° 1.296 2.666 1x10°° 1.282 8.8232x10°° 1.303
1/160 7.788 7 x107° 1.298 7.788 7 x107¢ 1.297 1.1112x107° 1.263 3.5457%x10°° 1.315
17320 3.1659x10°° 1.299 3.1659x10°° 1.299 4.7957 x107° 1.212 1.3986x10°° 1.342
1/640 1.2864x10°° 1.299 1.286 4 x10°° 1.299 2.256 4 x10°° 1.088 5.2570x107’ 1.411

3 JEas(n] | I RL AR I A K bR 22 M s (8T ) BB AR oL, XHr =2, p =g =1,
B =7 a =05, AT, Z5E FIROCT A MR R R 28— B0,
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% 4 JEH Richardson SNk H 24z 8] | A a] 20 4 ad Dol i e i 22 B s 18] 5[] BB d, 3X
B r=2p=q=1,h =07 a=05, WER2ME3I AW, £3PRREVR/NTE2 K,
25 [6] AW S B4 DU B, f AT L, Richardson AMERE AT LLGHEIZ 5 B AR 23 [R] YIS
£3 BAIREZEM hHKSEH R4 BKIREM h BBSB (Richardson Sh % )

_ _ _ 2 _ 42-« _
(I’:Z,p:q:], h2:t27or’ GZO.S) (r—z,.p—q—l, h =t y G—O.S)
. Tab.4 The maximum errors and the convergence orders
Tab.3 The maximum errors and the convergence

_ _ _ 2 _ 42-« —
orders for h (r=2,p=qg=1,F =t*>"*,a=0.5 forh(r=2.p=q=1r =! =.x=03)
=2,p=q=1,h = ,00=0.5) ( Richardson extrapolation)

h E(t,h) rate,, h E(t,h) rate,
1/8 7.0542x10°° — 1/8 2.499 6 x10°? —
1716 1.5876 x10°° 2.152 1/16 1.6251x107° 3.943
1/32 3.9234x107°¢ 2.017 1/32 1.050 5x10°° 3.951
1/64 9.7373x1077 2.011 1/64 6.5828x107° 3.996
1/128 2.4145x1077 2.011 1/128 4,117 2x10°° 3.999
5 #ig

AR T —A Caputo-Hadamard I 8] 73 5B S R 47 1075 A O RO 7 ¥, IFE]_EATHT L1 A% 5,
2 LA b 250, R B o 7 R AT BELR A, TR R 22 23 A U AR E B RGP
. AL, SRHI Richardson SNV, S HAM2E 04 IS 0 (2 + 1Y) o TG4 it 1 BUE]
¥, R TARSCRYRUE T i S e S A — B
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