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A New Numerical Discrete Scheme of Caputo Fractional Derivative

with Generalized Memory Kernel

HU Xiaolan, LIANG Zongqi
(School of Science, Jimei University, Xiamen 361021, China)

Abstract: The L, difference scheme of Caputo-fractional derivative with the generalized memory kernel is
proposed in this paper. By the linear interpolation and reduced order method, the discrete numerical scheme of
Caputo-fractional derivative with the generalized memory kernel o(1 < a <2), namely L, numerical scheme, is
presented, and the nature of the coefficients is also proved. Additionally, an error estimate of numerical scheme
is provided, demonstrating that the convergence order is O( 7> ), where 7 and @ € (1,2) are the time step
size and the fractional order, respectively. The numerical example is presented to demonstrate the effectiveness
of the proposed method and the numerical accuracy is validated.

Keywords: Caputo fractional derivative ; L, interpolation; order reduction method; convergence order

0 BIE

NS A R D 1 (e B Lol A O RTaR TARRER BN TSL VAT 21 RS TSL VA Gl S SU
TR RO FARTES S, PRI T4 A B R O S e, BV EAE ZE A e, JLliesl
SRS AR RN LR PR SR 50 B B0 T R — o L R BB 12, TN s
WRAR, FRZMIE, WA RIS | R AR R e F AT R4 R

(R BHEA] 2022 -04 -02

[(E£TH] BRAARRFRETE “RAH AL 2B N EER B EA” (11801214) ; fREEA A AF
G H TR & T I RATEOE S PR @R (2020101710) 5 HREEE HARBIA 5L
SIHE AR R R 8RR E Y RO B R s i ) B B 5 (2020J01703)

[MEE®N] EEESE. BRE (1964—), #5482, WA, MFEITFEEEEF MR, E-mail: zqliang@ jmu.

edu. cn

http : /xuebaobangong. jmu. edu. cn/zkb



514 B/NE ) AF L AT LRI Caputo 43 B9 S BR) — i B {8 s Hioks =X -89 -

8 ZAT, WAL iz,

UL Caputo BV BN SEI BB IEA L, L L, ML, B, X e e (0,1) , FIAMESEMNL,
ANFIEIT Caputo 738U S8, H 3 SRR T 7 B2 ki 1 22 =0 e B0 I R B AR ek B, 3K 3
O(7™) BRERE® " Alikhanov'” FIIFHZY B “ kIR 20X, #EH—A~ L, A, HRILEL Caputo
SH, HMS R 0(7°7) 5 Alikhanov' " 25 | Fil L, i {E XF Caputo ‘FRUHEAT B L, H S 1k 5
0 (7°°%); TrifceSandev!" ' BF5% T HA )" XL 12 ¥ ) Fokker-Planck-Smoluchowski 75 %, iEB] T i M 7E
IO R ICICE R 2R, ARSI S I s FEORE Y AR S JE B
P RN T BB, A48 T — AR R ZA% 1 Caputo 43 BB R EOE L, H ™ SCRECH
Mittage-leffler IZI@(, Trifcesandev(mﬁﬁ%TﬁX?ﬁﬁ*ﬁ, WS T OB, WEB T R
AFPERIT KN, BT AT G812 Caputo FALBIMFFE AR 0L, SO A Gl
¥ Caputo ZMEU FHGIAT B BULAL R, FERCK T — AN EABMME TR, Alikhanov 551 B 5T
TEAT eI m) R REORY BOTRE, XA OCC % o By Caputo BU 3B AU 1 T L, BSHEK
3, KRBT O() MR, JRUER T 28 504% 2R TC A RUE M RIS . Gu A5 RS TR M B
AR T SCI 2 A3 O B R D B 22 A% X ST XF ae (1,2) , Sun S5O BFSE TSR] 434K
Wrise Iy R 22 A% 2 ASSCRI IR, WF9E T ) SGEICHER) a(1 < a < 2) B Caputo B4 3007
L, 250, BT T IREE T, TR TR 2E R 077, IR HTEUE AR B UE TR
A RLE

WA ACE a(l < a < 2) B Caputo RS Y e

950 = (I =a)) [ AG=m) (=)o (), (1

Hrpw(e) e L([0,T]) H () FOAT e, H () =1, X (1) BANI—BHESE Caputo
IR R, AT, RSO AE a =0 BIHIE .

1 wEHI XiBlZ# Caputo 7 EM SEH L, H{ESHIEX

A FEBEFRH L, HEXN AT G212 a (1 <a<2) B Caputo 4380 AT EUEIE T,
3 T HZE, 0T T HAERBRE

BUEREN, T, i80=¢,<t, < <ty=TH& [0, T] LW—AH&I5, JFidr=T/N, t,=n7, 1<

n<N, WA a5 Vu(e) = <1/F<2—a>>f;'”'A<tn+1 =) (1 =) " () o B (1) =0’ (1), 7E
DXIA] (o, ¢, ] MeR%g (o) AF L, RVEARTE, WA

050 (1) = (/T2 =a) [ A =) (=)' () dn =
n t.\’+1
(/T2 =) Y [ Ay = 1) (=) () dn =
s=0" I
(T2 -a))(Xe.[ At ) (1, —m)'dn +
s=0 Ly

> [N =) () ~ L, g () (4, =) ) =

s=0" I
n 1

(T =) Y [ Aty =27 = 1) (1, =27 1) "rds + R 2)
s=0 0

Hofo A, = A O, g(n) = g(i)(n—t)/7+g(t) (1, —m7; g, = (g(t.,) —g(t,))/7,
g(n) =10, g(n) =0.58"()(n —t)(n - t,),me [t,t,],s =0,1,,n; R = (1/T(2 -

) 2 [ A =) () = T () (= ) ).
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R (2) HusE—I X5 N
1 n 1
(T2 =) Y[ Aty =27 =) (1 =27 =1 7ds = (7T (2 =) Y g [ Aty (0 -
s=0 0 s=0 0
n 1
41 =)'z = (PT2=00) Y| A = As = (A=A (2= 1/2)) (n =5 + 1 -
s=0 0
n 1
2)' 7z + (7/T(2 - @) ngj (Ao + (A, = A, )Gz =-172))(n —s +1 - )%z =
s=0 0
n I
(@ =) D[ s + O = AL =12 (s =) e v R ()

o R = (77T (2 - a))Zg,,f A = At = (A =4, (G- 172)) (n=s + 1 —2) 0z,

é\
flU +1-2)"dz =a/Q2-a),q, = (1 +1)"™ =1 (4)
j'<z —12)(U+1 -2 = b/ —a),b, = [(L+ 1) =P)/B =) = [(L + D*™ +2]/2, (5)
X (3) fRASL (2) T

05 u(e) = (7 “/r<2—a>>2gt§f Ao + (A=A ) (G =1/2)) (=5 +1=2)"ds + R +

Ry = (7/T(3 -a)) Z M@ + (A = A o)b, D + R 4R = [¥g(1,,) = 2 (e
s=1

n v+l)g(t) _c<a)g(t0>:| +R"+l (6)
/ﬂ\:fifj: Cz(a) =7 a()‘1+1/2al + ()‘ - 1+1)b )/F(?’ - a) aR”H = RYH + R;H o IEJIE
a5 (1) = [efVg(t,) - Z(cn Lo—el)g(t) —eltg(ty) ] + R, (7)

Kk (6) sk (7) A, FEERLA 2, ) [agtnﬁ‘,”v(z) + 05" (1) 172 = L™ (g(t,,) +8(1,))/2 -
i (e =) (g(t,) +g(1))/2 =, g(ty) ] + [R™ +R']/2 . K
(g(t,) +8(1))/2 = (W' () +0'(2,))72 = (0(1,,) +v(1)) /T +TV"(€,,)/12, €, € (4,,0,,),  (8)
ic

S = (w(t,, —v(1,))/7, (9)
Kl (8) Mt (9) MRAL (10) W4

[(")a )\(t)v(t) + 801 )\(1)1}<t)]/2 — [C(()a)(svnn/z 2 (C(a) _ (a) 5[ys+1/2 _ Cl(la)v;(to):l + Rn+l/2::

n-s Cros+1

Da’A(I)”(tml/z) + RHI/ZO (10)

S D 01,0 = 7000 = (el = )3 = e )

n-s

R = [ 70" (£,,)/12 - Z( - T(E) /2] + (R + R2, (1)

EE1 Hae(1,2) ,0(0) e C3[O,t"+1] JA(D) € CPL0t, ] o MA(t) >0, A (1) <O, B
R = | [ag;“l%(t) n a"‘"‘“)v(t) 1/2 - D“'“”v(l,ﬁl/z) < (1/6I'(3 —a) +1/81'(2 —a) + 1/T°(3 -
a))A(0) , nax ‘1)’”(1,‘) ‘7‘3 *+ ((1/8I'(3 —a) max ‘)\ (¢) |+ (1741°(3 —a)) max ‘1}”([,) ‘0<m3x+ IA"(6) ])
e
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R i (1) AR R = | [ T (€,,,) /12 - Z () =y )T (€)/12] + [R™ +

R"1/72 | o X EAXASE TG o6 70" (€,,,)/12 - 2 (62 =e, 2 )T (E)/12 <) T0"(€,.,)/12 -

(cé“)Tzv’"(‘fn)/H c,(la) 2 v"(€,)/12) \cé“) max ‘y”/(t) \7'2/6 < (A(0)/6I'(3 —a)) max ‘ym(t) \73_'1 o

ok E W R 2 (R \R””\ﬁ:}‘ﬁMﬁﬁ‘ R = (I/T(2 - a))

zj At = m) (gln) -

s=0" 1

I, g(m)) (¢, -n)' w —m (g(n) =10, g(n))'(¢,,, _7’>]_md‘r]‘+

(U]
At
[$

(1/T(2 - a>>f"+')\(tn+. - g'(n) - g, |t =)' ™A < (1/T(2 - a)) Zof | (g(n) —TI, g(n)

n-1

A" Ctyor =) [t - n)‘“dn+<<a—1>/r<2—a>>2f [(g(n) =T, () Aty =) | (1, -

) dp + (/T2 - a>>f A = (g (n) —g, | = )y < (802 - )

max ‘y",(t) | max ‘/\ (1) | ZJ (t,,, —m)dn + ((a = 1)A(0)7 /8T (2 - a)) oggle‘vm(t) ‘

0<t=<t,, 0st<t

n-1

Y [t ) - (A0)7/T(2 ~ @) max \v'"u)\f (Lo =) dy < (T7/80(3 - )

s=0" I

max ‘)\ (1) ‘ max ‘1]'"(1:) ‘+ (18T'(2 —a) + 1/F(3 —a)))\(O)T3 * , max ‘ym(t) ‘

0<1<t,, 0<t<t,,

SR Ry TARTE,

‘R;H ‘ = (7_2*01/1"<2 - a> Z ‘gt,s jl ‘ <)\n—w1— _)\n—t+1/2 - (An—t - /\n—s+| )(Z - 1/2)) ‘ (TL -s+1 _z)lﬂdzO (12)
)I%‘[glii /\(t,,73+|7z) ’ A(lnﬁw]) )\<ln 3) %jjIJf Ln s+1/2 éL %}%ﬂ:

/\(tn—.w-l—z) = )‘(tn-safl/z) +A' (tn—x+1/2) (172 =z2)7 + )‘”(tn-sn/z) (172 - 2)272/2 + 0(73) , (13)
)\(tn—.ﬁ-l) = )\(tn—s+l/2) + A,(tlz—s+l/2>7/2 + )‘”(tn—ﬁl/z) (T/2>2/2 + 0(73) ’ (14>
A(t,) = ACt,_ ) = A (4, )T/2 + A (1, 00) (772)%72 + 0(7) (15)

B (13) ~ (ISHRARK (12) 51 R = (77/T(2 —a)i g, f;/\"(tm”/z)((l/Z )T (n-s+1 -

n 1
2)'72dz < (7402 - «)) | Inax g’ (1) \Omax (1) | Zf (t, .., —2r)'dz < (7/4I'(2 - @))
S S 5=0°0

[(ESES O=si=t,

max (1) [ max [A'(2)] %fl(zl =)' = (P/ATQ - @) max [f(0) | max [A'(1) \j;’”’gm -
)y = (Pr /AT = @) max /(1) | max [A"(1) ] - FJM \R"” = R +R;+'\< (1/8T(2 -
@) + 1/T(3 = @))A(0) max W(z) T+ ((/8T(3 = @) max [4'(0) |+ (14T - @)
max /(1) || max \A”(t) \)T2 “r . NI |72 [ < (1/6T'(3 - @) +1/8T(2 - @) +1/T(3 - @))A(0)

021<atx ‘y"'(t) ‘1'3 “+ ((1/8F(3 —a)) max ‘)\ (¢) |+ (1741°(3 —a)) max ‘1}”([) ‘ max ‘)\”(5) ‘)T2 =
o(r'™) .

FEFESE T EAFT R A B

51381 FRi e BHX (4) &M, REb, BHX (5) EXW, MEEHI=0, 1, -, 4
ae (1,2)08, Ha, >a, >+ >a, >0,by >b, >+ >b, >0,

W 2 a(x) = (x+1)7 =", (x=0) , AMERE al(x) <0, BEVRE o, MHAJHBIEA . H
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Tb, = [(U+1)° =P /@B —a) = [(L+ 1) +17°]/2 , MERE b, XAIFRBREFHEL, B
AL SR BUA TG b, = Jjﬂxz'“dx LU+ D)+ P2 == (P21, = (2 -a)(a-1)

E0/12 , Hb, I<& <l+1, RIS =0 1), b, >0,

Lb(x) =2 -a)(a-1)x/12, Wb (x) =(2-a)(a-1)(-a)x /12 , M x>0, A
ERREL b (x) <O, 8 b(x) SEFAPBBINA, 51 BELE

BII2 IMEEM o (1<a<2), Mb,>0, (=18, ARG b, = [(L+1)7 =] (K, -
172) =a, (K, -1/2) o Hf. K, = ((L+1)* =P -3 -a)P*) /B -a)[(I+1)"™ -], H
12 <K, <1/(3 -a) ,

R SRR, (x) = (v + 1) =2 =B -a)™) (B -a)[(x + 1) =" ])" = f:)((z +
07 =) (@ + 1) =27 x> 0 F A (2.0) = ((z+2)™ = 27) ((x + 1) —27) = (zf;(x +
zg)'-“da(j;(x FE) )0 <z < 1x >0, BIRS(2) = f:)ha(z,x)dz, KT x>0, 0<z<
RS [ a0 < [ o) e < [ Grn ) i = 2 e ) g L.

ho(z,2) Fz <h,(z,0) <27 X EIBRARFEXPH 2 T 0 818Uy, H1/2 <f(x) = flha(z,x)dx <
/(3 -a), W12 <K, <1/(3 -a) , 5IBEE,

5|33 FEfa B (4) B, REb, ZHA (5) EXH, Bae (1,2), MEEWNI=
]’ 2’ 3, e, ﬁ

2-a)(I+1)"™ <a, < (2 -a)l', (16)
(a-1)2-a)(l+2) <a, —a,, < (a=-1)(2-a)l™, (17)
(a-1)(2-a)(I+2) /12 <b, < (a-1)(2 —a)l" /12, (18)

IEBA a, a,—a;,, b ﬂ%@i‘ﬁiﬁﬂ?*ﬂﬁ%iﬁ, Hp
=20 (1+6) e, (19)
w-an = (@-DQ-a) dnf rerm i, (20)

b =2 (a-1)(2 -a>j;ndnfj+t"g*“d§o i (19) TR, 2 (16) BIRAST . A (20),
WRBUMRIEIA [ (1+ € +m)“d = (Lam+0) ™. € (O.1) . Blime (0, 1), B (1+2)" <

j;dnj;u L&) e = f;(z )y <1, B(a-1)(2-a)(1+2)™ < (a-1)(2 -a>f;dn<z +
E+m)dé < (a-1)(2 -a)l™, B (17) 150E, RIFEAUELL (18) mWior,
5134 XMEEML=0, 1, -, ae (1, 2), FHA®W) € C[0,,,,], MA(t) >0,A'(t) <O,
B, SHMERE te[0,T], H ™ >l > > > At,,,)0.,/T(2 -a)
B M A (1) >0, A (1) <ORF, b, HIE, # ¢ = (7"/T(3 - @) (A, 00, + (A, -
Aa)b) > 77N a/T(3 —a) o XHTGIHEE3, Al ¢ > A(1,,,,)0./T(2 —a),
LRI 2288 ¢, A BRI IR
€ = Cy = (Tl_a/r(?’ —a))(Apa + (A = A ))b = Aspa, — (A, —A,5,)b,,) =
(77T (3 =) (A0, = Ay = Ay, = Ayybyy + Ab, + A uby,) >
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(7' /T(3 - @)) (Appla; —ayy =by b)) + b, +A50,,) >
(7" A,/ T3 -a))(a, —a,, —b, —b,,). (21)
MI=00F, Hey—¢, > (77N, T3 -a))(ay —a, —by, —b,) = (77A,,/ T3 —a))(1 -2 +
1-B3-a)' +12-27B-a)' + B -a)" +2"™ +1/2) = (7'"*A,,/T(3 —a)) (3 -2 -
273 —a) ") = (77N /T3 —a))(3-2""(1 +4(3 -a)™")) >0,
=10, RIESIEE3, X (21) ATFRM e, — ¢, > (77N, T3 —a)) ((a =1)(2 —a) (I +
) —(a-1D)Q2-a) /12 = (a-1)2 -a){ +1)/12) = ((a =1)(2 —a)(l +2) A, */12I'(3 -
a))(12 = (L+2) 1 = (1+2)(L+1)™) = ((a=1)(2 —a) (1 +2) A, ,7 /12’3 —a) ) (12 -
(L4207 + (L + (L+ 1)), 84 1=18F,3% + (3/2)* <12, ife, —c, >0 BIRMAT,
MIZ20F, p(x) = (T+2 )+ (T+(x+ 1)) x =2, BIR, ¥ (x) <0, Blip(x) <p(2) =
2%+ (4/3) <12, BIWJiEc, —¢,,, >0, 5IHEERE,

2 HESGIF
AR SR S IE 2 A% 2 (10) MR RS B
BUEBHEN, icT=1, Ac=T/N=1/N, V""" = (a2 0(s,,,) +05 v(1,) ) /2 Ho"? (0<n<

0t

N) DN B, OB EL (A = max |y - 2| WIAE L, 8 SCF RO Order, =

0sn<N

log, (E2(A) /(E(A/2))) o Hob: Ac AR

Bl Bkl <a <2, o) =e”, A(t) =, WHa(l <a <2) BrirfA) gt Caputo 434K
BYSECD e (1) 7E T=1 AMEUERR, KN D (1) | = e/ T3 —a)|,_, = e /T3 -a).
BRI Ar=1/10, 1720, 1/40, 1/80, 1/160, R 1M T a 0511, 1.5, 1.9 K, AREEKFH
Y RBERZEATT SUSORE B . HR 1 AT, ASOIrM&E AT SOt a(1 < a < 2) B Caputo BUA] 53
B PR 22 A% SRR, S TRk, HSh R EEE T 0 (7))

®1 ARRELZKTHRERRIRERBSH

Tab.1 The maximum errors and convergence orders with different time step

Al a=1.1 a=1.5 a=1.9

E''2(Ar) Order, E“2(Ar) Order, E''2(Ar) Order,
1/10 2.1000 x10~° - 0.9000 x 102 - 2.5600 x 10~ -
1/20 5.8019 x10~* 1.85 3.2000 x 10~ 1.49 1.2000 x 10 ~* 1.09
1/40 1.5701 x10~* 1.88 1.2000 x 10 3 1.41 5.6000 x 10 ~* 1.09
1/80 4.2437 x107° 1.88 4.1195 x10~* 1.54 2.6000 x 10~ 1.10
1/160 1.1460 x 10~ 1.88 1.4629 x107* 1.49 1.2000 x 10 * 1.07

3 it

1A G a(0 < o < 1) B Caputo 235X F SECHFFE 938 b, FIFHFERYE:, BI9E TAEAT
SRR a(1 < a < 2) B Caputo BIMEFEL L, 22004&K, 200 TIHREMERT, kW] TR 2
O(7™) , FF3E S BUE T A% e T A% A R, AR SCERBEM 2 A T SGE IR a(l < a < 2)
B Caputo B3 E B PR —Fh B HIAE X, T — 2B M BIFSE AT LURE I B 22 43 A% =X FH BIR i Hot & A T
SGEAZA% R Caputo 43 BUBT S 800 25 43 7 B OF AT IR 224831, [RIRHdo v] L5 & 52 A T SLicie i
a(l < a < 2) B Caputo 7 EM FE B 22 048 20, i — P4 MU SO 2
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